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ABSTRACT
In this thesis, we develop a model that extends scalar sector of Two-Higgs-Doublet
Model by adding a color-octet scalar.
Firstly, we construct the scalar potential with the color-octet scalar. The potential
consists of three parts. The first part is the Two-Higgs-Doublet Model potential which
describe the self interactions of the two Higgs doublets. The second part is the self
interactions of the color-octet scalar. The third part arises from the interplay between
the color-octet scalar and two Higgs doublets.
To comply with the experimental facts that strength of flavor changing neutral
currents are strongly limited, we apply the principle of minimal flavor violation to our
model to avoid tree-level flavor changing neutral current induced by Higgs-fermion
interactions. With minimal flavor violation, the couplings of the scalars to fermions
are greatly constrained.
We also impose another two important theoretical constraints on our model, custo-
dial symmetry and perturbative unitarity. The purpose of imposing custodial symme-
try is to comply with experimental results in the electroweak precision measurements.
Unitarity is required for perturbation theory to work at high energy scatterings. With
the two constraints applied, the degree of freedom of the parameter space is reduced,
and the range of parameters can be estimated.
Next, we study the impact of the color-octet scalar on the decays of Higgs to two
photons and two gluons. We make use of the existing fit to branching ratios of Higgs
to two photons and Higgs to two gluons and show the points within the 1-σ and 2-σ
vii
contours of the fit. We also scan the parameter space and present the points that
satisfy unitarity and stability conditions.
At last, we derive the one-loop renormalization group equations for the scalar
self-couplings in our model. We mainly consider the contributions of themselves to
study the evolution of the scalar self-couplings as energy scale is increased to a very
high level. We solve the equations numerically, and evolve them from the electroweak
scale up to the scale of Grand Unification Theory. In the meantime, we impose
the requirements of unitarity and vacuum stability. We show that viable ranges of
parameter space survive and shrink as the scale is increased.
1CHAPTER 1 INTRODUCTION TO THE STANDARD
MODEL AND THE TWO-HIGGS-DOUBLET MODEL
1.1 The Standard Model
Generally speaking, the Standard Model is a theory of elementary particles and
their interactions. The particles in the Standard Model lie into two big classes, as
listed in Table 1.1: bosons and fermions. We are aware of four kinds of forces exist-
ing in the universe, electromagnetic, weak, strong and gravitational. The Standard
Model unifies three of them with gauge bosons, leaving gravitation unconsidered.
Photons (γ) mediate electromagnetic interactions; W± and Z mediate weak; gluons
(g) mediate strong forces. The substances seen in daily life are built up from atoms.
The fermions are ingredients of atoms, for example, a Hydrogen atom is made of
a proton which is formed by two u-quarks and a d-quark, and an electron (e). All
physical matter has mass. To explain the origin of the mass, the Higgs boson (H) is
introduced into the Standard Model.
Table 1.1: A list of elementary particles in the Standard Model
Bosons Fermions
Gauge bosons Scalar bosons
Quarks Leptons
Up-type Down-type Charged Neutrinos
γ(photon),
H(Higgs)
u d e νe
W±, Z, c s µ νµ
g(gluon) t b τ ντ
21.1.1 The framework
The Standard Model is based on a Lagrangian (density) which respects SU(3)c×
SU(2)L × U(1)Y gauge symmetry. As a result of the gauge symmetry, gauge bosons
and and their interactions with other particles are naturally introduced into the the-
ory. The Lagrangian of the Standard Model, LSM, is conveniently written as the sum
of three components,
LSM = Lfermion + Lgauge + LHiggs. (1.1)
Fermion sector
Lfermion is the sum of Lquark and Llepton. Since each type of fermion has three
generations, the following indexed notation is introduced for convenience,
u1 = u, u2 = c, u3 = t,
d1 = d, d2 = s, d3 = b,
e1 = e, e2 = µ, e3 = τ,
ν1 = νe, ν2 = νµ, ν3 = ντ .
The left-handed and right-handed field of a fermion in i-th generation fi are denoted as
fi,L = PLfi and fi,R = PRfi, respectively (see more details about notation conventions
in Appendix A).
Motivated by parity violation in weak decays, instead of building the theory di-
rectly with fermion fields fi, the Standard Model distingushes their left-handed fields
fi,L and right-handed fields fi,R. The right-handed quarks, ui,R, di,R and the right-
handed leptons, ei,R, νi,R are all SU(2)L singlets. The left-handed fields of quarks Qi,L
3and the left-handed fields of leptons Li,L are all SU(2)L doublets, defined as
Qi,L =
ui,L
di,L
 , Li,L =
νi,L
ei,L
 . (1.2)
The Lagrangian of quarks is then given by 1
Lquark = Q¯i,L /DQi,L + u¯i,R /Dui,R + d¯i,R /Ddi,R, (1.3)
and the Lagrangian of leptons is similar to that of quarks,
Llepton = L¯i,L /DLi,L + e¯i,R /Dei,R + ν¯i,R /Dνi,R, (1.4)
where Dµ is the covariant derivative and /D = Dµγ
µ.
Gauge boson sector
The Lagrangian of gauge bosons is written as
Lgauge = 1
4
BµνBµν +
1
4
W aµνW aµν +
1
4
GαµνGαµν ,
where the field-strength tensors of the gauge fields are defined as
Bµν = ∂µBν − ∂νBµ,
W aµν = ∂µW aν − ∂νW aµ + g2abcW bµW cν ,
Gαµν = ∂µGαν − ∂νGαµ + g3fαβγGβµGγν ,
Bµ, W aµ and Gαµ are the gauge fields induced by the gauge-symmetry group U(1)Y,
SU(2)L and SU(3)c, respectively; G
αµ are the gluon fields, whereas the photon and
weak gauge bosons are linear combinations of Bµ and W aµ, a later result of the
Higgs mechanism; abc and fαβγ are known as the group structure constants of SU(2)
and SU(3); g1, g2 and g3 are the U(1)Y, SU(2)L and SU(3)c coupling constants,
respectively.
1Repeated indices are summed over without special instructions.
4Higgs sector
The last part is the scalar sector. In the Standard Model, a complex doublet
under SU(2)L
Φ =
φ+
φ0
 .
is introduced. The Lagrangian of the scalar is
LHiggs = (DµΦ)†DµΦ− VHiggs + LYukawa. (1.5)
The scalar potential is
VHiggs = λ
(
Φ†Φ− v
2
2
)2
, λ > 0, v > 0.
If v is real, which is the case we will generally consider, the SU(2) symmetry is spon-
taneously broken as discussed below. If it is pure imaginary, the theory is unbroken
and does not correspond to reality.
The interactions with fermions (Yukawa interactions) are
LYukawa = −
(
gDij Q¯i,LΦdj,R + g
U
ijQ¯i,LΦ˜uj,R + g
E
ij L¯i,LΦej,R + g
N
ij L¯i,LΦ˜νj,R + h.c.
)
,
(1.6)
The doublet
Φ˜ =
 φ0∗
−φ+∗

is constructed to have a weak hypercharge opposite to Φ.
Summary of the particle content
A summary of the fields in the Standard Model are in Table 1.2. The first two
numbers in the bracket stands for the representations of SU(3)c and SU(2)L, respec-
tively, usually associated with the dimension of the representations; the third number
5stands for the weak hypercharge Y . The electric charge of a field is then given by
Q = Y + T3, where T3 is the weak isospin. The covariant derivatives of fermion fields
and and Higgs doublet are given in Table 1.3.
Table 1.2: Fields in the Standard Model and their transformation rules. In the
notation (r1, r2, Y ), r1 = 1 refers to SU(3)c singlet and r2 = 1 refers to SU(2)L
singlet.
Field Transformation
Qi,L
(
3, 2, 1
6
)
Li,L
(
1, 2,−1
2
)
ui,R
(
3, 1, 2
3
)
ei,R (1, 1,−1)
Bµ (1, 1, 0)
W µa (1, 3, 0)
Gµα (8, 1, 0)
Φ
(
1, 2, 1
2
)
Table 1.3: The covariant derivatives of fermion and Higgs doublet fields; σa are
Pauli matrices and λα are Gell-Mann matrices.
Field Covariant derivative Dµ
Qi,L ∂
µ + ig1
6
Bµ + ig2
2
W µaσa + ig3
2
Gµαλa
Li,L ∂
µ − ig1
2
Bµ + ig2
2
W µaσa
ui,R ∂
µ + i2g1
3
Bµ + ig3
2
Gµαλa
ei,R ∂
µ − i2g1
3
Bµ
Φ ∂µ + ig1
2
Bµ + ig2
2
W µaσa
1.1.2 The electroweak symmetry breaking
One can observe that the electro-weak symmetry, SU(2)L × U(1)Y, is broken at
the vacuum
Φ =
 0
v√
2

6at which VHiggs is minimized
2. One can rewrite the Lagrangian of the Standard Model
with the substitution below,
Φ =
φ+
φ0
→
 w+
1√
2
(v +H + iz)
 , (1.7)
in which w+ is a complex field and both of H and z are real fields. Then one will
find terms containing v and v2 appear, forming mass terms of particles such as the
fermions and the gauge bosons W± and Z. Such a scheme in which particles gain
their masses is called the Higgs mechanism (or spontaneous symmetry breaking).
Expanding the Yukawa interactions with the substitution in (1.7) and retaining
the terms that contain v and fermion field, we obtain the masses of fermions, given
by
Lfermion-mass = − v√
2
(
gDij d¯i,Ldj,R + g
U
ij u¯i,Luj,R + g
E
ij e¯i,Lej,R + g
N
ij ν¯i,Lνj,R + h.c.
)
. (1.8)
The well-known theorem of singular value decomposition in linear algebra states that
for any m-by-n complex matrix, there exist unitary matrices U of order m, V of
order n and an m-by-n rectangular diagonal matrix D with all diagonal elements
non-negative, such that A = UDV †. The theorem allows us to choose two proper
unitary transformations U for the left-handed down-type quarks and V for the right-
handed down-type quarks to diagonalise the Yukawa coupling matrix
(
gDmn
)
. With
the rotations of U and V , the down-type quarks are transformed from generation
basis to mass basis. The same operation can be done on the up-type quarks and
leptons. The transformations from generation basis to mass basis are written as
uα = U
u
αiui, dα = U
d
αidi, να = U
ν
αiνi, eα = U
e
αiei,
2Therefore, v is also called the vacuum expectation value (vev).
7where Greek subscripts are used to denote the fermions in the mass basis. Then in
the mass basis, the fermion mass terms read as
Lfermion-mass = −
(
MDαβd¯α,Ldβ,R +M
U
αβu¯α,Luβ,R +M
E
αβ e¯α,Leβ,R +M
N
αβ ν¯α,Lνβ,R + h.c.
)
,
(1.9)
in which the diagonal matrices
{(
MDαβ
)
,
(
MUαβ
)
,
(
MEαβ
)
,
(
MNαβ
)}
are the masses of
the fermions.
The masses ofW± and Z are revealed by expanding the derivative term (DµΦ)†DµΦ.
Substituting with (1.7) and retaining the terms that contain v2 and gauge field, we
obtain
Lgauge-mass = −v
2
8
[
g21B
µBµ + g
2
2
(
W 1µW 1µ +W
2µW 2µ +W
2µW 2µ
)− 2g1g2BµW 3µ]
= −1
2
(
W 1µ,W 2µ,W 3µ, Bµ
)
M2Gauge

W 1µ
W 2µ
W 3µ
Bµ

. (1.10)
Then the mass matrix of gauge bosons is given by
M2gauge =
v2
4

g22
g22
g22 −g1g2
−g1g2 g21

By redefining the fields,
Aµ =
1√
g21 + g
2
2
(
g2B
µ + g1W
3µ
)
, (1.11)
W±µ =
1√
2
(
B1µ ∓ iW 2µ) , (1.12)
Zµ =
1√
g21 + g
2
2
(−g1Bµ + g2W 3µ) , (1.13)
8the mass matrix can be diagonalised. The field Aµ (photon) remains massless, and
W±µ and Zµ acquire non-zero masses, given by
M2W =
g22v
2
4
, M2Z =
(g21 + g
2
2) v
2
4
.
The redefinition of the fields brings the definition of the weak-mixing angle (or Wein-
berg angle) θW which is the rotational angle that diagonalises the right-lower 2-by-2
block of M2gauge, given by
cos θW =
g2√
g21 + g
2
2
, sin θW =
g1√
g21 + g
2
2
. (1.14)
One can also check the full expansion of LSM to find that the mass of H, known
as the Higgs boson, is given by M2H = 2λv
2. However, w+ and z have no masses.
They are known as Goldstone bosons.
The symmetry breaking also brings the interaction between the Higgs boson and
fermions. For example, the interactions between the Higgs boson and quarks in the
fermion mass basis are
LHiggs-fermion = 1
v
(
d¯αM
D
αβdβH + u¯αM
U
αβuβH + e¯αM
E
αβeβH + ν¯αM
N
αβνβH
)
. (1.15)
An important feature here is that the couplings are automatically diagonal when
transformed to the mass basis. This implies that there is no flavor-changing neutral
current (FCNC) in the Higgs-fermion interaction, i.e., reaction such as H → e+µ−
will not happen at tree level.
The interactions between fermions and electroweak gauge bosons are obtained by
expanding the covariant derivatives in Lfermion. Transforming to the mass basis, the
couplings between fermions and γ or Z boson are still diagonal. Therefore, there is
no FCNC produced by interactions that couple fermions to neutral gauge bosons.
Such FCNC’s are strongly limited by experiment. However, the charged current can
9change flavor. The interactions between the fermions and W± in the mass basis read
as
LWf1f¯2 =
g2√
2
(
u¯α,L /W
+
KUDαβ dβ,L + ν¯α,L /W
+
KNEαβ eβ,L + h.c.
)
, (1.16)
where
KUDαβ = U
u
αiU
d†
iβ , K
NE
αβ = U
ν
αiU
e†
iβ .
The two non-diagonal matrices arise from different field redefinitions for fermions
with different charges.
1.1.3 Custodial symmetry
It is shown in the literature that the mass matrix of the electroweak gauge bosons
takes the specific form of
M2gauge =
v2
4

g22
g22
g22 −g1g2
−g1g2 g21

and the parameter ρ = MW
MZ cos θW
is exactly 1 in the Standard Model, which is at-
tributed to the symmetry breaking pattern of the Higgs potential. One can write the
Higgs doublet in terms of its real and imaginary parts,
Φ =
φ1 + iφ2
φ3 + iφ4
→ Ψ = 1√
2

φ1
φ2
φ3
φ4

,
in which φi are real fields. The Higgs potential can be rewritten as
VHiggs =
λ
2
(
ΨTΨ − v2)2 .
10
In this new form, the potential is invariant under rotations of O(4). At the time
acquiring vacuum expectation value
Ψ =

0
0
v
0

,
the global symmtery of O(4) is broken to O(3). The O(3) symmetry of the potential
after symmetry breaking is the so-called custodial symmetry and explains why the
mass matrix of electroweak gauge bosons takes that form and has ρ = 1. Since O(3)
is local homomorphic to SU(2), one can also construct the Higgs potential with the
operator
M =
 φ0∗ φ+
−φ− φ0

that transforms under SU(2)L×SU(2)R and custodial symmetry automatically holds
if rewriting the potential as
VHiggs = λ
(
TrM †M − v
2
2
)2
.
1.2 The Two-Higgs-Doublet Model
The Standard Model is successful in explaining many observed phenomena and
the recent discovery of the Higgs boson at LHC [1,2] consolidated it. However, to fufill
symmetry breaking, using one scalar doublet as in the Standard Model is the simplest
but not the only solution. The experiments have not excluded other possibilities so
far.
A popular solution that has been considered is the Two-Higgs-Doublet Model
(2HDM) in which there are two scalar doublets. In fact, there are many motivations
11
for 2HDM. Supersymmetry [3] is one of the well known motivations. In the Stan-
dard Model, a single Higgs doublet is sufficient to give mass to all fermions when
it acquires a vacuum expectation value. However, this is not the case in models of
supersymmetry. Some terms in the general Yukawa interactions are not allowed by
supersymmetry and a single Higgs doublet would not be able to let all fermions ac-
quire masses. It turns out that one needs at least two Higgs doublets to give mass
to all types of fermions. Another motivation comes from the baryon asymmetry of
the universe [4, 5]. In the current universe, the numbers of baryons and anti-baryons
are not exactly balanced. The Standard Model is not able to provide sources strong
enough to explain this observation. However, a 2HDM with CP-symmetry broken by
the vacuum could be a candidate to account for the problem [4].
1.2.1 The general scalar sector
With two scalar doublets Φ1 and Φ2, one can enumerate all the possibilities to
write the most general renormalizable Higgs potential for 2HDM as [6]
V2HDM = µijΦ
†
iΦj +
1
2
ΛijklΦ
†
iΦjΦ
†
kΦl, i, j, k, l ∈ {1, 2}.
Quantum mechanics requires it to be Hermitian, i.e., V †2HDM = V2HDM, resulting in
µij = µ
∗
ji, Λijkl = Λ
∗
jilk, Λijkl = Λklij.
Alternative notations which can eliminate the redundancy are commonly used in
literature,
µ11 = m
2
11, µ12 = −m212, µ22 = m222,
Λ1111 = λ1, Λ2222 = λ2, Λ1221 = Λ2112 = λ3,
Λ1221 = Λ2112 = λ4, Λ1212 = λ5,
Λ1112 = Λ1211 = λ6, Λ1222 = Λ2212 = λ7.
12
Then the general Higgs potential for 2HDM can be written as
V2HDM = m
2
11Φ
†
1Φ1 +m
2
22Φ
†
2Φ2 −
(
m212Φ
†
1Φ2 + h.c.
)
+
1
2
λ1
(
Φ†1Φ1
)2
+
1
2
λ2
(
Φ†2Φ2
)2
+ λ3
(
Φ†1Φ1
)(
Φ†2Φ2
)
+ λ4
(
Φ†1Φ2
)(
Φ†2Φ1
)
+
1
2
[
λ5
(
Φ†1Φ2
)2
+ h.c.
]
+
[
λ6
(
Φ†1Φ1
)(
Φ†1Φ2
)
+ λ7
(
Φ†1Φ2
)(
Φ†2Φ2
)
+ h.c.
]
. (1.17)
m211,m
2
22, λ1, λ2, λ3, λ4 ∈ R, as a result of Hermiticity, while m212, λ5, λ6, λ7 ∈ C in the
most general case.
In general, the fermions will couple to both doublets in the flavor basis,
L2HDM-Yukawa = −
[
Q¯i,L
(
gD1,ijΦ1 + g
D
2,ijΦ2
)
dj,R + Q¯i,L
(
gU1,ijΦ˜1 + g
U
2,ijΦ˜2
)
uj,R
+L¯i,L
(
gE1,ijΦ1 + g
E
2,ijΦ2
)
ej,R + L¯i,L
(
gN1,ijΦ˜1 + g
N
2,ijΦ˜2
)
νj,R
]
+ h.c.. (1.18)
The Lagrangian of the scalar sector is simply
L2HDM-Higgs = (DµΦ1)†DµΦ1 + (DµΦ2)†DµΦ2 − V2HDM + L2HDM-Yukawa. (1.19)
The symmetry breaking pattern is similar to the Standard Model. In the most general
case, it is by convention to assume the vacuum of 2HDM at
Φ1 =
 0
v1√
2
 , Φ2 =
 0
v2eiξ√
2
 , v1, v2 > 0, ξ ∈ R. (1.20)
That is to say, with the parameters in the potential specifically arranged, V2HDM
reaches minimum at the above vacuum expectation values given by (1.20). Defining
v =
√
v21 + v
2
2 recovers the Standard Model vacuum expectation value. The parameter
tan β = v2
v1
is a frequently used parameter together with v, instead of v1 and v2. To
implement symmetry breaking, one just has to repeat the same procedures as in the
Standard Model.
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1.2.2 CP-symmetry, FCNC and Z2 symmetry
The most general Higgs potential given by (1.17) of course will violate CP-
symmetry. Imposing CP-symmetry, all the parameters shall be real. Meanwhile
the complex phase of the vacuum expectation values will be eliminated, i.e., (1.20)
will turn into
Φ1 =
 0
v1√
2
 , Φ2 =
 0
v2√
2
 , v1, v2 > 0. (1.21)
Therefore, the degrees of freedom of the parameters are reduced under CP-symmetry.
It is also of concern to avoid FCNC’s. Unlike the Standard Model, the Yukawa
couplings of 2HDM will not automatically turn into diagonal matrices when trans-
formed to the mass basis, which will introduce the tree-level FCNC’s. Two approaches
can be used to eliminate FCNC’s. In the first approach, one can arrange the couplings
in a way such that masses of Higgs are large enough to suppress tree-level FCNC’s
mediated by Higgs exchange to a level within the limits by experimental observation.
The second approach is based on the Glashow-Weinberg-Paschos theorem [7,8] which
states that in a model with multiple Higgs doublets, tree-level FCNC’s will be absent
if all fermions of the same electric charge couple to no more than one Higgs doublet.
Applying the theorem to 2HDM results in two basic types of models
• Type I: All quarks (leptons) couple to only one of the Higgs doublets. By
convention it is chosen to be Φ2.
• Type II: The right-handed down-type (Q = −1
3
) quarks (charged leptons) cou-
ple to one Higgs doublet (conventionally chosen to be Φ1) and the right-handed
up-type (Q = 2
3
) quarks (neutrinos) couple to the other Higgs doublet (conven-
tionally chosen to be Φ2).
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Of course, one can flip the interactions between the leptons and Φi within the frame
of Type-I and Type-II models to define another two types of 2HDM. Starting from
Type I but letting all leptons couple to Φ1 defines the so-called lepton-specific model;
starting from Type II but letting right-handed charged leptons couple to Φ2 and right-
handed neutrinos couple to Φ1 defines the so-called flipped model. The definitions of
the four types of models are listed in Table 1.4 for quick reference. In this thesis, we
will only consider Type-I and Type-II models.
Table 1.4: Two-Higgs-Doublet Models without FCNC.
Model ui,R di,R ei,R νi,R
Type I Φ2 Φ2 Φ2 Φ2
Type II Φ2 Φ1 Φ1 Φ2
Lepton-specific Φ2 Φ2 Φ1 Φ1
Flipped Φ2 Φ1 Φ2 Φ1
Since the Glashow-Weinberg-Paschos theorem is deduced from the group structure
of a model, it is often referred as a natural way of forbidding tree-level FCNC’s. It is
also a common practice to obtain the two types of models by imposing Z2 symmetry:
• Type I: invariant under Φ1 → −Φ1.
• Type II: invariant under Φ1 → −Φ1, di,R → −di,R, ei,R → −ei,R simultaneously.
When extending Z2 symmetry to the quartic terms of the Higgs potential, we must
have λ6 = λ7 = 0.
This thesis will restrict itself to the CP-conserving Higgs potential with Z2 sym-
metry which is softly broken by only the quadratic terms, written as
V2HDM = m
2
11Φ
†
1Φ1 +m
2
22Φ
†
2Φ2 −m212
(
Φ†1Φ2 + h.c.
)
+
1
2
λ1
(
Φ†1Φ1
)2
+
1
2
λ2
(
Φ†2Φ2
)2
+ λ3
(
Φ†1Φ1
)(
Φ†2Φ2
)
+ λ4
(
Φ†1Φ2
)(
Φ†2Φ1
)
+
λ5
2
[(
Φ†1Φ2
)2
+ h.c.
]
, (1.22)
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with m211,m
2
22,m
2
12, λ1, λ2, λ3, λ4, λ5 ∈ R. In addition, assuming the vacuum expecta-
tion values given by (1.21) will reduce the number of free parameters. Let xi =
√
Φ†iΦi,
eiϕ cos θ =
Φ†1Φ2
x1x2
, θ, ϕ ∈ R. Then V2HDM is a function of the real variables x1, x2, θ
and ϕ,
V2HDM = f (x1, x2, θ, ϕ)
= m211x
2
1 +m
2
22x
2
2 − 2m212x1x2 cos θ cosϕ
+
λ1
2
x41 +
λ2
2
x42 +
(
λ3 + λ4 cos
2 θ + λ5 cos
2 θ cos 2ϕ
)
x21x
2
2.
Applying (1.21) implies that f(x1, x2, r, θ) takes extremum at x1 =
v1√
2
, x2 =
v2√
2
,
θ = 0, ϕ = 0, i.e.,
∂f
∂x1
∣∣∣∣(
v1√
2
,
v2√
2
,0,0
) = ∂f∂x2
∣∣∣∣(
v1√
2
,
v2√
2
,0,0
) = ∂f∂θ
∣∣∣∣(
v1√
2
,
v2√
2
,0,0
) = ∂f∂ϕ
∣∣∣∣(
v1√
2
,
v2√
2
,0,0
) = 0.
The last two conditions turn out trivial. It follows from the first two conditions that
m211 = m
2
12 tan β −
λ1
2
cos2 β − λ3 + λ4 + λ5
2
sin2 β, (1.23)
m222 = m
2
12 cot β −
λ2
2
sin2 β − λ3 + λ4 + λ5
2
cos2 β. (1.24)
It is worth mentioning that (1.21) is actually presuming that there exists a global
minimum of V2HDM. The sufficient and necessary condition for the existence of global
minimum is that the quartic term of V2HDM must be positive, i.e., the matrix λ1 λ3 + λ4|ω|2 + λ5Reω2
λ3 + λ4|ω|2 + λ5Reω2 λ2

should be positive-definite for any |ω| ≤ 1. This results in [9]
λ1 > 0, λ2 > 0, λ3 > −
√
λ1λ2, λ3 + λ4 ± λ5 > −
√
λ1λ2. (1.25)
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1.2.3 The Higgs bosons in 2HDM
The mass terms of the scalar fields are obtained by expanding the Higgs potential
around the vacuum with the following substitution,
Φ1 →
 φ+1
1√
2
(v1 + ρ1 + iη1)
 , Φ2 →
 φ+2
1√
2
(v2 + ρ2 + iη2)
 , (1.26)
where ρi, ηi (i = 1, 2) are real fields. The mass terms of φ
±
i are
Lmass, φ± = −
[
m212 −
v2 (λ4 + λ5) sin β cos β
2
] (
φ−1 , φ
−
2
)tan β −1
−1 cot β

φ+1
φ+2
 .
The mass terms of ηi are
Lmass, η = −
(
m212 −
v2λ5 sin β cos β
2
)
(η1, η2)
tan β −1
−1 cot β

η1
η2
 .
The mass terms of ρi are
Lmass, ρ = −1
2
(ρ1, ρ2) m212 tan β + v2λ1 cos2 β −m212 + v2 (λ3 + λ4 + λ5) sin β cos β
−m212 + v2 (λ3 + λ4 + λ5) sin β cos β m212 tan β + v2λ2 sin2 β

ρ1
ρ2
 .
After diagonalising the mass matrix of φ±i , ρi, ηi, one will find five Higgs bosons
with masses and three massless Goldstone bosons. Two of the Higgses are charged,
H± = −φ±1 sin β + φ±2 cos β, (1.27)
two of them are neutral and CP-even,
h = −ρ1 sinα + ρ2 cosα, (1.28)
H = ρ1 cosα + ρ2 sinα, (1.29)
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and the last one is neutral and CP-odd,
A = −η1 sin β + η2 cos β. (1.30)
Two of the Goldstone bosons are charged,
G± = φ±1 cos β + φ
±
2 sin β, (1.31)
and one of them is neutral,
G0 = η1 cos β + η2 sin β. (1.32)
The parameter α is the rotational angle that diagonalises the mass matrix of ρi and
its relationship with other parameters is given by
m212 =
v2
[(
λ1 cos
2 β − λ2 sin2 β
)
tan 2α− (λ3 + λ4 + λ5) sin 2β
]
2(tan 2α cot 2β − 1) (1.33)
The Higgs masses are given by the eigenvalues of the mass matrices,
m2H± =
2m212
sin 2β
− λ4 + λ5
2
v2, (1.34)
m2h =
2m212
sin 2β
cos2(β − α)
+ v2
(
λ1 sin
2 α cos2 β + λ2 cos
2 α sin2 β − λ3 + λ4 + λ5
2
sin 2α sin 2β
)
,
(1.35)
m2H =
2m212
sin 2β
sin2(β − α)
+ v2
(
λ1 cos
2 α cos2 β + λ2 sin
2 α sin2 β +
λ3 + λ4 + λ5
2
sin 2α sin 2β
)
,
(1.36)
m2A =
2m212
sin 2β
− λ5v2. (1.37)
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With (1.27)–(1.30), one can write down the Higgs-fermion interactions in both
Type-I and Type-II models. The general expression in mass basis is given by
L2HDM-Yukawa = −
M fαβ
v
(
ξfh f¯αfβh+ ξ
f
H f¯αfβH + iξ
f
Af¯αγ5fβA
)
−
√
2
v
[
u¯α
(
ξdAK
UD
αγ M
D
γβPR + ξ
u
AM
U
αγK
UD
γβ PL
)
dβH
+ + h.c.
]
−
√
2
v
[
ν¯α
(
ξEAK
NE
αγ M
E
γβPR + ξ
N
AM
N
αγK
NE
γβ PL
)
eβH
+ + h.c.
]
(1.38)
The factors appearing in the Yukawa couplings ξfφ (φ = h,H,A, f = u, d, e, ν) are
listed in Table 1.5 for Type-I and Type-II models.
Table 1.5: Yukawa couplings of Type-I and Type-II 2HDM.
Type I Type II
ξuh
cosα
sinβ
cosα
sinβ
ξdh
cosα
sinβ
− sinα
cosβ
ξνh
cosα
sinβ
cosα
sinβ
ξeh
cosα
sinβ
− sinα
cosβ
ξuH
sinα
sinβ
sinα
sinβ
ξdH
sinα
sinβ
cosα
cosβ
ξνH
sinα
sinβ
sinα
sinβ
ξeH
sinα
sinβ
cosα
cosβ
ξuA − cot β − cot β
ξdA cot β − tan β
ξνA − cot β − cot β
ξeA cot β − tan β
In both types of 2HDM, the couplings of the neutral Higgs bosons to W and Z
bosons are the same. The couplings of h,H to W+W− and ZZ are given by
LhW+W− = g
2v sin(β − α)
2
hW µ+W−µ , (1.39)
LHW+W− = g
2v cos(β − α)
2
HW µ+W−µ , (1.40)
LhZZ = g
2v sin(β − α)
4 cos2 θW
hZµZµ, (1.41)
LHZZ = g
2v cos(β − α)
4 cos2 θW
HZµZµ. (1.42)
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When β − α = pi
2
, the tree-level vertices of hW+W− and hZZ are the same as the
Standard Model, and those of HW+W− and HZZ vanish, which is the so-called
alignment limit. At the alignment limit, the behavior of h resembles the Standard
Model Higgs boson because it has the same tree-level couplings to the Standard Model
fermions and bosons. In phenomenological study, it is common practice to identify h
as the lighter mass Higgs boson discovered at LHC, and H as a heavier mass Higgs
boson.
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CHAPTER 2 EXTENDING 2HDM BY A
COLOR-OCTET SCALAR: THE BASIC STRUCTURE OF
THE MODEL
2.1 The motivation
More detailed studies have been conducted by the ATLAS and CMS collaborations
after the discovery of the Higgs boson with mass near 125 GeV. For example, the
measurements of the Higgs couplings to t, b and τ are in agreement with the Standard
Model. The experiment also shows that couplings to WW , ZZ and effective one-
loop souplings to gg and γγ can also be well explained by the Standard Model [10].
However, the uncertainties still allow for various possibilities of new physics. One
of the examples is 2HDM, as the simplest extension of the Standard Model. When
confronted with these measurements, the parameter space of 2HDM is constrained,
but additional scalars below 1 TeV are not excluded [11–21].
Manohar and Wise (MW) introduced a model of which the scalar sector consists
of a Standard Model Higgs doublet and a color-octet electroweak-doublet scalar [22].
The color-octet scalar is motivated by minimal flavor violation which is used to avoid
FCNC potentially induced by Higgs-fermion couplings: assuming that the scalars
transform trivially under the flavor group, only electroweak doublets which are color
singlets or octets are allowed. The constraints on the colored scalars by direct searches
at LHC are weak, but they can have significant impacts on the loop-induced Higgs
couplings. The model has been constrained for several theoretical considerations and
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by using the h → gg and h → γγ fits to the experimental data, and there are also
many phenomenological studies in the literature [23–43].
In this thesis we consider combining the two extensions of the Standard Model
together. Then the scalar sector of this new model consists of two Higgs doublets and a
color-octet scalar. One of our motivations is that as a simple extension of the Standard
Model, it satisfies minimal flavor violation. Moreover, it could be also containted by
complicated models with larger structures, such as models grand unification under
SO(10) [44] and SU(5) [45]. As we shall see, the additional color-octet will have
notable impacts on the one-loop effective couplings of h→ gg and h→ γγ as well as
the vacuum stability when compared to 2HDM.
2.2 The scalar potential
The additional scalar field S transforms as
(
8, 2, 1
2
)
under SU(3)c × SU(2)L ×
U(1)Y. The full notation for S is
Sα,i, α = 1, 2, · · · , 8, i = 1, 2,
where α is the color indice and i is the SU(2)L indice. We also specify each of its
SU(2)L components as
Sα =
 Sα+
1√
2
(Sα0R + iS
α0
I )

The full scalar potential should be the sum of V2HDM and Vnew, where Vnew is
due to the self-interactions of S and interactions between S and Φi. V2HDM has been
given by (1.22), conserving CP-symmetry as well as Z2-symmetry which is only softly
violated by quadratic terms. Vnew can be constructed by analogy with the MW model
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described in [22] and contains several parts. The self-interactions of S is
V (S) = 2m2STrS
†iSi + µ1TrS†iSiS†jSj + µ2TrS†iSjS†jSi + µ3TrS†iSiTrS†jSj
+ µ4TrS
†iSjTrS†jSi + µ5TrSiSjTrS†iS†j + µ6TrSiSjS†jS†i. (2.1)
S can also couple to either Φ1 or Φ2,
V (Φ1, S) = ν1Φ
†i
1 Φ1iTrS
†jSj + ν2Φ
†i
1 Φ1jTrS
†jSi
+
(
ν3Φ
†i
1 Φ
†j
1 TrSiSj + ν4Φ
†i
1 TrS
†jSjSi + ν5Φ
†i
1 TrS
†jSiSj + h.c.
)
,
V (Φ2, S) = ω1Φ
†i
2 Φ2iTrS
†jSj + ω2Φ
†i
2 Φ2jTrS
†jSi
+
(
ω3Φ
†i
2 Φ
†j
2 TrSiSj + ω4Φ
†i
2 TrS
†jSjSi + ω5Φ
†i
2 TrS
†jSiSj + h.c.
)
. (2.2)
At last, nothing prevents us adding the interactions involving both Φ1 and Φ2 as well
as S,
V (Φ1, Φ2, S) = κ1Φ
†i
1 Φ2iTrS
†jSj + κ2Φ
†i
1 Φ2jTrS
†jSi + κ3Φ
†i
1 Φ
†j
2 TrSjSi + h.c.. (2.3)
Thus, we collect all of them to form Vnew = V (S)+V (Φ1, S)+V (Φ2, S)+V (Φ1, Φ2, S).
When writing the above potential, we use the short notation
Si = T
αSαi (2.4)
for simplicity, in which i, j are the SU(2) indices; Tα = 1
2
λα and λα are Gell-Mann
matrices; the traces are taken over the product of Tα.
In the most general case, couplings such as ν3,4,5, ω3,4,5 and κ1,2,3 can be complex
and therefore, CP is not conserved. We still insist CP-symmetry by requiring all
the couplings in the potential to be real which can reduce 9 degrees of freedom.
However, Z2-symmetry is a very strong condition with which can make the model
less interesting since all the Φ1 terms of odd power are not allowed. Therefore, we
allow Vnew to break Z2-symmetry.
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In this model, we only allow Φ1 and Φ2 to acquire vacuum expectation values,
since S acquiring vacuum expectation value would violate electric charge and color
symmetry. Like other particles, the color-octet scalar also acquires mass after breaking
electroweak symmetry,
m2S± = m
2
S +
v2
4
(
ν1 cos
2 β + ω1 sin
2 β + κ1 sin 2β
)
, (2.5)
m2S0R
= m2S +
v2
4
[
(ν1 + ν2 + 2ν3) cos
2 β + (ω1 + ω2 + 2ω3) sin
2 β
+ (κ1 + κ2 + κ3) sin 2β] , (2.6)
m2S0I
= m2S +
v2
4
[
(ν1 + ν2 − 2ν3) cos2 β + (ω1 + ω2 − 2ω3) sin2 β
+ (κ1 + κ2 − κ3) sin 2β] . (2.7)
2.3 The Yukawa couplings with minimal flavor violation
Besides coupling to Φ1 and Φ2 as given by (1.18), the fermions also couple to S.
In the flavor basis, the interactions are written as (the lepton part is similar and
skipped)
LSff¯ = −
(
gD3,ijQ¯i,LSdj,R + g
U
3,ijQ¯i,LS˜uj,R + h.c.
)
. (2.8)
Instead of using the discrete symmetry, we follow Ref. [22] to enforce minimal flavor
violation (MFV) on our model. The basic formulation of MFV is as following.
Consider the flavor-symmetry group SU(3)U × SU(3)D × SU(3)Q. The right-
handed up-type quarks transform under SU(3)U , the right-handed down-type quarks
transform under SU(3)D, and the left-handed quark doublets transform under SU(3)Q.
The Yukawa couplings gD, gU can be initially considered as fields that transform as
gD ∼ (3D, 3¯Q), gU ∼ (3U , 3¯Q), and therefore, the flavor symmetry is preserved. When
setting gD, gU equal to two fixed matrices, the flavor symmetry is broken. In this
process, all the coupling matrices to down-type quark are proportional to each other,
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and so are all the coupling matrices to up-type quark. This implies that the coupling
matrices appearing in (1.18) and (2.8) satisfy
gD1 = η
D
1 G
D, gD2 = η
D
2 G
D, gD3 = η
D
3 G
D,
gU1 = η
U
1 G
U , gU2 = η
U
2 G
U , gU3 = η
U
3 G
U , (2.9)
where ηD,Ui , i = 1, 2, 3 are constants. The two types of 2HDM in this context can be
alternatively defined by
• Type I: ηD1 = ηU1 = 0
• Type II: ηU1 = ηD2 = 0
instead of using the usual discrete symmetries.
One can note that MFV indeed allows the odd-power terms of Φ1 and Φ2. Thus,
it is legitimate to include terms with ν4,5, ω4,5 and κ1,2,3 in the potential
1. More-
over, MFV can be seen as a solution more general than Glashow-Weinberg-Paschos
theorem, since it allows both up-type and down-type quarks couple to both Φ1 and
Φ2.
2.4 Theoretical constraints
2.4.1 Custodial symmetry
It is necessary for the scalar potential of our model to inherit one of the features
of the Standard Model, custodial symmetry, to keep the parameter ρ = MW
MZ cos θW
≈ 1
which is the observation of electroweak precision measurements. As an analog of the
Standard Model, we can firstly define the 2-by-2 matrices associated with the scalar
1Of course in general, it also allows terms with λ6,7 in V2HDM. But we keep λ6,7 = 0 througout
this thesis.
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doublets as follows,
Mij =
(
Φ˜i, Φj
)
=
 φ0∗i φ+j
−φ−i φ0j
 , i, j = 1, 2, (2.10)
Sα =
(
S˜α, Sα
)
=
 Sα0∗ Sα+
−Sα− Sα0
 , (2.11)
One can verify the following relations
Φ†iΦk + Φ
†
jΦl = Tr
(
M †ijMkl
)
,
Φ†iΦj = detMij,
Sα†Sβ + Sβ†Sα = Tr
(Sα†Sβ) ,
Φ†iS
α + Sα†Φi = Tr
(
M †iiSα
)
,
Sα†Φi + Φ
†
jS
α = Tr
(
M †ijSα
)
. (2.12)
Then the potential invariant under SU(2)L×SU(2)R is built up with the traces such
as
Tr
(
M †11M11
)
, Tr
(
M †22M22
)
, Tr
(
M †11M22
)
, Tr
(S†S) ,
Tr
(
M †12M12
)
, Tr
(
M †11S
)
, Tr
(
M †22S
)
, Tr
(
M †12S
)
,
and complex conjugate of them. With (2.12), one can match terms in new potential
to the old one, and find the constraints on the couplings.
Ref. [46] points out that including M11,M22,M12 simutaneouly will fail custodial
symmetry and hence, proposes two methods to construct the potential,
• Method 1. Construct the potential with only M11 and M22, i.e., applying the
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following rules of replacement,
Φ†iΦj → Tr
(
M †iiMjj
)
,
S†S → Tr (S†S) ,
Φ†iS → Tr
(
M †iiS
)
.
This yields the following constraints on the couplings:
λi ∈ R, ∀i,
κ2 = κ3, 2ν3 = ν2, ν4 = ν
∗
5 , 2ω3 = ω2, ω4 = ω
∗
5, λ4 = λ5. (2.13)
• Method 2. Construct the potential with only M12, i.e., applying the following
rules of replacement,
Φ†iΦj → Tr
(
M †12M12
)
,
S†S → Tr (S†S) ,
Φ†iS → Tr
(
M †12S
)
.
Instead, it yields the constraints
ν2 = ω2 = κ3 = κ
∗
3, κ2 = 2ν2, ν3 = ω
∗
3,
λ6 = λ7, λ1 = λ2 = λ3, m
2
11 = m
2
22, v
∗
1 = v2. (2.14)
The immediate consequence of custodial symmetry is that ρ receives zero loop-
correction from the scalars. The loop-correction to ∆ρ induced by the color-octet
scalar is given by [22]
∆ρ ∝ (v21ν2 + v22ω2 + 2v1v2κ2)2 − (2v21ν3 + 2v22ω3 + 2v1v2κ3)2 . (2.15)
This offers a quick check of validity of the two methods upon substitution of (2.13)
and (2.14) and indeed both of them result in ∆ρ = 0 as expected.
27
As is known, both cases also result in mass degeneracies mH± = mA. One can
verify this on (1.34)–(1.37). They also result in mS± = mS0I from (2.5)–(2.7). The
constraint v∗1 = v2 is too restrictive so we will only use the first method for our study
later on.
2.4.2 Unitarity constraints
The high energy two-to-two scalar scattering can be considered to constrain the
strength of the self interactions with the requirement of perturbative unitarity. The
potential is renormalizable and the tree-level scattering amplitudes at high energy
approach to a constant value proportional to the quartic couplings. The squre of
magnitude of amplitude implies the probability of the scattering. For perturbation
theory to work, the size of amplitude must be bounded, which is the formulation
of unitarity constraints. In history, unitarity constraints were used to obtain the
theoretical upper bound of Higgs boson mass in the Standard Model [47]. These
constraints have been also applied to 2HDM [48–51] and the MW model [36].
Here we apply unitarity bounds to our model, considering only the neutral, color
singlet amplitudes. Let X be the (Hilbert) space of the neutral, color-singlet and
two-particle states of the scalars. Given B, the basis of X, the element of S-matrix
under B of the leading order in perturbation theory is given by Sij = 〈i|Vint|j〉, where
|i〉, |j〉 ∈ B and Vint is the interactions, i.e., quartic terms in the potential. We use
the following orthogonal and normalized basis for the calculation of the (tree-level)
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scattering amplitudes,
|Ai〉 = 1
2
√
2
∣∣2φ+i φ−i + ρiρi + ηiηi〉 , |Bi〉 = 1
2
√
2
∣∣2φ+i φ−i − ρiρi − ηiηi〉 ,
|Ci〉 = 1
2
|ρiρi − ηiηi〉 , |Di〉 = |ρiηi〉 , i = 1, 2,
|E1〉 = 1√
2i
∣∣φ+1 φ−2 − φ+2 φ−1 〉 , |E2〉 = 1√
2
|ρ1η2 − ρ2η1〉 ,
|F+〉 = 1
2
∣∣φ+1 φ−2 + φ+2 φ−1 + ρ1ρ2 + η1η2〉 , |F−〉 = 12 ∣∣φ+1 φ−2 + φ+2 φ−1 − ρ1ρ2 − η1η2〉 ,
|F1〉 = 1√
2
|ρ1ρ2 − η1η2〉 , |F2〉 = 1√
2
|ρ1η2 + ρ2η1〉 ,
|S1〉 = 1
8
∣∣2Sα+Sα− + Sα0R Sα0R + Sα0I Sα0I 〉 , |S2〉 = 18 ∣∣2Sα+Sα− − Sα0R Sα0R − Sα0I Sα0I 〉 ,
|S3〉 = 1
4
√
2
∣∣Sα0R Sα0R − Sα0I Sα0I 〉 , |S4〉 = 1
2
√
2
∣∣Sα0R Sα0I 〉 . (2.16)
The reason for choosing basis in this way is justified in [48]. The potential is invariant
under following transformations,
Z2 : Φ2 → −Φ2,
C : Φi → Φ†i ,
Ypi : Φi → eipi2Φi,
G : Φi → eipi2 σ2Φ†i =
 1
−1
Φ†i .
On the other hand, the states defined in (2.16) can be eigenvectors of the trans-
formations but may correspond to different eigenvalues, and thus, a matrix element
associate with two different states could be zero. For example, |Ai〉 are G-even and
|Bi〉 are G-odd, i.e., G |Ai〉 = |Ai〉, G |Bi〉 = − |Bi〉, and then,
〈Ai |Vint|Bi〉 =
〈
Ai
∣∣G−1 (GVintG−1)G∣∣Bi〉 = −〈Ai |Vint|Bi〉
⇒ 〈Ai |Vint|Bi〉 = 0.
One can check that states defined in (2.16) are classified as follows.
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• Z2-even: |Ai〉 , |Bi〉 , |Ci〉 , |Di〉; Z2-odd: |Ei〉 , |F±〉 , |F1〉 , |F2〉. 2
• C-even: |Ai〉 , |Bi〉 , |Ci〉 , |Di〉 , |F±〉 , |F1〉 , |S1,2,3〉; C-odd: all the others.
• Ypi-even: |Ai〉 , |Bi〉 , |Ei〉 , |F±〉 , |S1,2〉; Ypi-odd: all the others.
• G-even: |Ai〉 , |F+〉 , |S1〉; G-odd: |Bi〉 , |F−〉 , |S2〉.
With the above classifications, it is obvious that many entries of the S-matrix will
be zero, saving a lot of computation efforts. As argued in [47], the absolute value
of J = 0 partial wave is bounded, and hence, the absolute value of eigenvalues of
S-matrix must have an upper bound.
The unitarity constraints for the 2HDM without the color-octet scalars are known
from [48, 50]. The S-matrix of 2HDM is a 14-by-14 block-diagonal matrix with five
of them being 2-by-2 matrices and four of them being 1-by-1 matrices. The diagonal
blocks are given by
A =
 3λ1 2λ3 + λ4
2λ3 + λ4 3λ2
 ,
B =
λ1 λ4
λ4 λ2
 ,
C = D =
λ1 λ5
λ5 λ2
 ,
E =
λ3 + λ4 − 2λ5 λ5 − λ4
λ5 − λ4 λ3 + λ4 − 2λ5
 ,
f+ = λ3 + 2λ4 + 3λ5,
2Strictly speaking, Z2-symmetry only holds in V2HDM. However, the terms mixing Φi and S in
Vint have no contribution to tree-level amplitudes of ΦiΦj → ΦiΦj . Therefore, Z2-even states do not
go to Z2-odd states.
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f− = λ3 + λ5,
f1 = f2 = λ3 + λ4. (2.17)
where
A = (〈Ai |Aj 〉) , B = (〈Bi |Bj 〉) , C = (〈Ci |Cj 〉) , D = (〈Di |Dj 〉) ,
E = (〈Ei |Ej 〉) , f± = 〈F± |F± 〉 , fi = 〈Fi |Fi 〉 .
Then the S-matrix of 2HDM have the following eigenvalues,
a± =
3 (λ1 + λ2)±
√
9 (λ1 − λ2)2 + 4 (2λ3 + λ4)2
2
,
b± =
(λ1 + λ2)±
√
(λ1 − λ2)2 + 4λ24
2
,
c± = d± =
(λ1 + λ2)±
√
(λ1 − λ2)2 + 4λ25
2
,
e+ = λ3 + 2λ4 − 3λ5, e− = λ3 − λ5,
f+ = λ3 + 2λ4 + 3λ5,
f− = λ3 + λ5,
f1 = f2 = λ3 + λ4. (2.18)
At the limit of custodial symmetry, we have
b± = c± = d±, e+ = e−, f− = f1 = f2.
For a general two-to-two scattering, its amplitude Tfi can be expanded in terms
of partial waves,
Tfi =
∞∑
J=0
16pi(2J + 1)aJPJ(cos θ),
where aJ is called the partial-wave amplitude and PJ(x) is the J-th Legendre poly-
nomial. Using the orthogonal property of Legendre polynomials,∫ 1
−1
Pm(x)Pn(x)dx =
2
2n+ 1
δmn,
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one can obtain the J = 0 partial-wave amplitude a0 =
Tfi
16pi
. Unitarity constraints
are obtained by requiring |a0| not to exceed a certain value. In literature, the upper
bound is usually set to be 1 or 1
2
. Here we adopt |a0| ≤ 12 . This is equivalent to
requiring the eigenvalue with the largest absolute value in (2.18) to be less than 8pi.
For phenomenological studies one prefers to control the scalar masses instead of
the λi couplings as input parameters via the relations in (1.34)–(1.37). We will always
identify the lightest neutral scalar h with the 125.6 GeV state found at LHC [1, 2].
The other masses will be allowed to vary in ranges discussed later on, but we will
always use λ’s that ensure all the squared masses are positive and larger than around
(400 GeV)2.
When we add the color octet, the two-to-two scattering matrix becomes an 18-
by-18 matrix. The new matrix elements that do not vanish are
〈 S1 |S1〉 = 4 (µ1 + µ2) + 17
2
µ3 +
33
8
µ4 +
19
8
µ5 +
5
2
µ6,
〈S2 |S2〉 = 4
3
(µ1 + µ2) +
1
2
µ3 + 4µ4 +
1
2
µ5 − 1
6
µ6,
〈S3 |S3〉 = 〈S4 |S4〉 = −1
6
(µ1 + µ2) +
1
2
(µ3 + µ4) + 4µ5 +
4
3
µ6,
〈A1 |S1〉 =
√
2 (2ν1 + ν2) , 〈A2 |S1〉 =
√
2 (2ω1 + ω2) ,
〈B1 |S2〉 =
√
2ν2, 〈B2 |S2〉 =
√
2ω2,
〈F+ |S1〉 = 4κ1 + 2κ2, 〈F− |S2〉 = 2κ2,
〈C1 |S3〉 = 〈D1 |S4〉 = 2
√
2ν3, 〈C2 |S3〉 = 〈D2 |S4〉 = 2
√
2ω3,
〈F1 |S3〉 = 〈F2 |S4〉 = 2κ3. (2.19)
Unitarity constraints for the whole model are obtained again by bounding the J = 0
partial-wave amplitudes as in the case of the 2HDM. Althogh the new S-matrix is
still block-diagonal, it is not convenient to write the analytical expressions of its
eigenvalues since one has to solve cubic polynomials in general. Instead, they will be
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studied numerically in Chapter 3. We can still get a fast estimation of the constraints
by letting absolute value of each matrix element less than 8pi, yielding the following
ranges for the couplings at the custodial symmetry limit,
|λ1| , |λ2| ≤ 8pi
3
,
|λ3| ≤ 4pi,
|λ4| , |λ5| ≤ 8pi
5
,
|ν1| , |ν3| , |ω1| , |ω3| ≤ 2
√
2pi,
|ν2| , |ω2| ≤ 4
√
2pi,
|κ1| ≤ 2pi,
|κ2| , |κ3| ≤ 4pi. (2.20)
The couplings that affect only octet self-interactions at tree level, those in (2.1), have
identical constraints as already found in [36]. In particular Eq. 3.9 of that reference
(translated to the notation of this paper)
|17µ3 + 13µ4 + 13µ6| ≤ 16pi (2.21)
is reproduced in our numerical diagonalization of the 18×18 matrix. Additional con-
straints obtained in [36] by studying unitarity in the color-octet channel are imposed
on our entries and we quote them here for convenience,
|ν4 + ν5| . 32pi√
15
, |ω4 + ω5| . 32pi√
15
, |2µ3 + 10µ4 + 7µ6| ≤ 32pi. (2.22)
In the Standard Model, the tree-level scattering amplitude of hh → hh has a
magnitude of 6λ. With the upper bound 6λ ≤ 8pi, one can quickly estimate the
upper bound of the Higgs mass is around 700 GeV. In the 2HDM case, when the
lighter neutral CP-even Higgs boson h has is inbetween 100 GeV and 300 GeV, the
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upper bound of masses of H± and H estimated by (2.20) is at the TeV level, which
is shown in Figure 2.1.
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Figure 2.1: Rough estimation of the mass bounds of heavier neutral CP-even Higgs
boson H and charged Higgs boson H+ with (2.20) when 100 GeV ≤ mh ≤ 300 GeV.
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CHAPTER 3 NUMERICAL STUDY ON THE
CONSTRAINTS OF THE MODEL
3.1 Existing LHC constraints
3.1.1 Tree-level Higgs decay
The tree-level Higgs couplings to fermion pairs in particular tt¯, bb¯ and τ+τ− as
well as the couplings to W and Z have already constrained the parameter space of the
2HDM, requiring it to be close to the Standard Model. Allowed regions of parameter
space under different scenarios have been recently presented in the literature such
as [13,14,21, 52,53] and we do not repeat this exercise. The results of that global fit
is referred to Figure 1 in [53], for example.
There are a few relevant comments to be made that are not apparent from the
global fit. To this end we consider the results of the seven parameter fit to the
Higgs couplings as per the ATLAS-CMS combination of data. We further consider
their second scenario, in which contributions from beyond-Standard-Model (BSM)
particles are allowed both in the loops and in the Higgs decay but κV ≤ 1 is assumed.
Those results, as listed on Table 14 of [10] are:
κb = 0.57
+0.16
−0.16, κτ = 0.87
+0.12
−0.11, κt = 1.42
+0.23
−0.22,
κZ = 1.00−0.08, κW = 0.90+0.09−0.09. (3.1)
Recalling that in Type-I 2HDM
κt = κb = κτ =
cos(β − α)
tan β
+ sin(β − α), (3.2)
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one sees that the b and t couplings to the Higgs from (3.1) are in tension within
the Type-I 2HDM, being a bit more than 3σ away if one adds the two errors in
quadrature. To connect with the usual plot presented in the literature [21,52,53], we
can do a simple fit to the 5 couplings in (3.1), which we show in Figure 3.1. The left
panel illustrates the same point as the best fit is closer to κb and so is the 68% c.l.
region enclosing the best fit point. The second dashed-green region is closer to κt and
one needs to go to a 95% c.l. to obtain a connected region which covers most of the
parameter space. The addition of the color octet cannot help address this problem
as it does not affect the fermion Yukawa couplings at tree-level.
On the right panel we repeat the comparison for the Type-II 2HDM. In this case
there is a much smaller allowed region of parameter space but the goodness of the
fit (as measured by χ2min) is better than that for Type-I 2HDM. The blue contour is
similar, but not identical, to that obtained in the literature from a direct global fit to
LHC measurements. The slight shift of this region towards larger values of cos(β−α)
is due to the small value of κb and its small error in (3.1).
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Figure 3.1: χ2 fit to the couplings in (3.1) shown in the cos(β − α)-tan β plane.
In the left panel we have the Type-I 2HDM and in the right panel we have the
Type-II 2HDM. In both cases the blue cross marks the best fit and the blue contour
encloses the region allowed at 95% confidence level. The dashed green shows the 68%
c.l. region. Superimposed is the red dotted area corresponding to points allowed by
tree-level unitarity.
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The values of κZ = 1.00−0.08 and κW = 0.90 ± 0.09 in (3.1) prefer the region
cos(β − α) near one, the so called alignment limit. In addition there are constraints
from the non-observation of the additional Higgs bosons that are shown in [21], for
example, and that we do not reproduce here. The constraints shown in Figure 3.1
are not affected by the additional colored scalars and should be identical to those
obtained in the 2HDM if the same constraints are used. For this reason, they are not
directly the concern of this thesis.
3.1.2 Direct bounds on the color octet
One would expect that the LHC can place stringent constraints on the existence of
the additional colored scalars from their non-observation. It turns out however that
the existing bounds are not very restrictive for this model, depending on the values
of the couplings in the scalar potential and the masses. The main reason is that
the cross-sections for production of one or two such scalars are below current LHC
sensitivity as can be ascertained by a quick glance at theoretical predictions [29, 54]
compared to those for colored scalars that are currently constrained [55] and vis-a-vis
LHC results [56,57]. Indirect constraints allow masses as low as ∼ 100 GeV [23].
The most important decays of the neutral scalars for example, would be into
two jets or a tt¯ pair. From dijet final state, CMS excludes the mass of S0 which
is below 3.1 TeV [56]. However, this is a gross overestimate for the MW model.
Existing calculations in [22, 54] show that the S0 production cross-section in MW
is a few thousand times smaller than the model used by CMS. Similarly, bounds
on Z ′ resonances decaying to tt¯ pairs [57] can be interpreted as posing no significant
constraint for these scalars where σSB(S → tt¯) ∼ 50–100 fb since their best sensitivity
is σSB(S → tt¯) & 200 fb for the mass range studied (up to 2 TeV for narrow
resonances and 3 TeV for wide resonances).
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As already mentioned in Ref. [22, 54], the cross sections for producing pairs of
colored scalars are larger than those for single scalar production for much of the
parameter space. In this case the relevant constraints would arise from searches for
dijet pairs and four top-quarks. The relevant quantity σSBr
2 for this model is at
O(fb) level whereas the published constraints are above this. Nonetheless, the dijet
pair channel appears to be the most promising one to constrain this model and a
detailed study will be forthcoming.
For our numerical study we will use two examples, one in which MS± is set at
1 TeV and another one at 800 GeV. The couplings in the potential affecting (2.5)–
(2.7) are constrained so that 725 ≤ MS0R ≤ 1200 GeV, and the custodial symmetry
will ensure that MS0I = MS± .
3.2 One-loop decays of neutral CP-even Higgs to gg and γγ
In the Standard Model, the Higgs boson can decay to gg and γγ only via fermion
and W± loops, while the neutral CP-even Higgs in 2HDM (h and H) can also decay
to γγ via H± loops. With the extension of the colored scalar, loops of S are available
to the decays, and thus, the decay amplitudes of the neutral Higgs are modified
compared to 2HDM.
3.2.1 The model-independent formulation
For convenience to comparing results across different models, it is standard to pa-
rameterize the one-loop results with effective interactions for hgg and hγγ as follows,
Leff = cg αs
12piv
hGaµνG
aµν + cγ
α
piv
hFµνF
µν . (3.3)
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A general theory can also have interactions of Higgs boson with complex scalar S,
Dirac fermion f , and charged and colorless vector boson V µ. The parametrization
for these couplings are descibed by
L = −cS 2M
2
S
v
hS†S − cfMf
v
hf¯f + cV
2M2V
v
hV †µV
µ. (3.4)
They contribute to the effective Higgs coupling to gluons and to photons at one-loop
as [58–61]
δcg =
C2(rS)
2
cSAS(τS) + 2C2(rf )cfAf (τf ), (3.5)
δcγ =
Nc(rS)Q
2
S
24
cSAS(τS) +
Nc(rf )Q
2
f
6
cfAf (τf )− 7Q
2
V
8
cVAV (τV ), (3.6)
where δci = ci − cSMi , C2(r) is the quadratic Casimir of the color representation r 1,
Nc(r) is the number of colors of the representation r, and τi =
m2h
4m2i
. Ai(τ) (i = S, f, V ,
standing for scalar-boson loop, fermion loop and vector-boson loop, respectively) are
loop functions arising from one-loop calculation, given as follows
AS(τ) =
3
τ 2
(f(τ)− τ), (3.7)
Af (τ) =
3
2τ 2
((τ − 1)f(τ) + τ), (3.8)
AV (τ) =
1
7τ 2
(3(2τ − 1)f(τ) + 3τ + 2τ 2). (3.9)
The function f(τ) is defined as
f(τ) =

arcsin2
√
τ , τ ≤ 1,
−1
4
(
ln η
+
η− − ipi
)2
, τ > 1,
η± = 1±
√
1− 1/τ .
1It is derived from TrT ar T
b
r = C2(r)δ
ab, where T ar are generators of the corresponding represen-
tation of the Lie algebra.
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Figure 3.2 plots the behavior of the three types of loop functions which regulate the
strength of decays. As τ → 0, i.e., the mass of the particle in the loop is much
heavier than the mass of Higgs boson, all loop functions approach to a finite limit
1. As τ → ∞, i.e., the mass of the particle in the loop is very light compared to
the mass of Higgs boson, all loop functions drops to 0. Near the threshold of the
two-body decay h→ XX, i.e., mh ≈ 2mX , the loop functions are maximized. Based
on these properties, the contributions to cg and cγ from loops of light fermions, such
as u quark, d quark, muon and electron, are very small, and therefore we will not
include them in our later study.
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Figure 3.2: Magnitude of loop functions of h→ gg and h→ γγ decays.
The decay rates of h→ gg and h→ γγ are given by
Γ (h→ gg) = Gµα
2
sm
3
h
36
√
2pi3
|cg|2, (3.10)
Γ (h→ γγ) = Gµα
2m3h
2
√
2pi3
|cγ|2. (3.11)
Suppose the fermions and gauge bosons in the theory are the same as the Standard
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Model. Then the amplitudes cg and cγ take the form of
cg =
∑
f
cfAf (τf ) +
∑
S
3C2(rS)
2
cSAS (τS) , (3.12)
cγ =
1
2
∑
f
Q2fcfAf (τf )−
7
8
cWAV (τW ) +
1
24
∑
S
N(rS)Q
2
ScSAS (τS) . (3.13)
The decay rates of Higgs to other particle states are also known in literature. We
only consider the Higgs to two gauge bosons (of the same types) and two fermions
modes and quote the results here,
Γ (h→ ff¯) = GµNc(rf )
4
√
2pi
mhm
2
fβ
3
f , βf =
√
1− 1
τf
, (3.14)
Γ (h→ V V ) = Gµm
3
hδV
16
√
2pi
√
1− 1
τV
(
1− 1
τV
+
3
4τ 2V
)
, δW = 2δZ = 2. (3.15)
The branching ratio of Higgs to a final state Xi is defined as
BR (h→ Xi) = Γ (h→ Xi)∑
i
Γ (h→ Xi) . (3.16)
3.2.2 The decays in the Standard Model
The major contributions to effective one-loop couplings cg and cγ in the Standard
Model are from loops of heavy quarks and W boson [61],
cSMg = Af (τt) + Af (τb), c
SM
γ =
2
9
Af (τt) +
1
18
Af (τb)− 7
8
AV (τW ). (3.17)
Figure 3.3 shows how Γ (h→ gg) and Γ (h→ γγ) vary with the Higgs boson mass in
the Standard Model.
Knowing that the threshold of a decay is determined by kinematics, one can expect
that decays to light particles are dominant in the low-mass region. With the regulation
of the loop functions, decays to light particles in the high-mass region are suppressed
and therefore, decays to heavy particles are favored. Figure 3.4 sketches the branching
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Figure 3.3: Decay rates of Higgs boson to two gluons and photons as a function of
the Higgs boson mass.
ratios versusmh for several major two-body decay modes of the Standard-Model Higgs
boson. This renders a qualitative picture on what dominant modes are at different
mass regions.
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Figure 3.4: Branching ratios of several major two-body decay modes of the
Standard-Model Higgs boson.
3.2.3 The decays in the new model
To derive the decay amplitudes for our model, we firstly define
τi,h =
m2h
4m2i
, τi,H =
m2H
4m2i
, (3.18)
42
The one-loop γγ and gg couplings for the 2HDM neutral scalars are given by
c2HDMg,h =
cosα
sin β
Af (τt,h) +
cosα
sin β
Af (τb,h) t1 − sinα
cos β
Af (τb,h) t2
c2HDMg,H =
sinα
sin β
Af (τt,H) +
sinα
sin β
Af (τb,H) t1 +
cosα
cos β
Af (τb,H) t2
c2HDMγ,h =
2
9
cosα
sin β
Af (τt,h) +
1
18
cosα
sin β
Af (τb,h) t1 − 1
18
sinα
cos β
Af (τb,h) t2
− 7
8
sin(β − α)AV (τW,h) + 1
24
chH±AS (τH+,h)
c2HDMγ,H =
2
9
sinα
sin β
Af (τt,H) +
1
18
sinα
sin β
Af (τb,H) t1 +
1
18
cosα
cos β
Af (τb,H) t2
− 7
8
cos(β − α)AV (τW,H) + 1
24
cHH±AS (τH+,H) (3.19)
where t1, t2 specify the types of 2HDM
• Type-I: t1 = 1, t2 = 0,
• Type-II: t1 = 0, t2 = 1.
The reduced couplings chH± and cHH± are obtained from the tree-level vertices of
hH+H− and HH+H− (see Appendix B),
chH± =
v2
2m2H±
[−λ1 sinα sin2 β cos β + λ2 cosα sin β cos2 β
+λ3(cosα sin
3 β − sinα cos3 β)− 2λ4 cos(α + β) sin β cos β
]
cHH± =
v2
2m2H±
[
λ1 cosα sin
2 β cos β + λ2 sinα sin β cos
2 β
+λ3(cosα cos
3 β + sinα sin3 β)− 2λ4 sin(α + β) sin β cos β
]
. (3.20)
The top-quark and W -boson contributions to cg and cγ in the above expressions for
the 2HDM reduce to the Standard Model at the limit β − α = pi
2
.
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The color-octet scalars contribute the additional terms
δcγ,h =
1
3
chS±AS (τS±,h) ,
δcγ,H =
1
3
cHS±AS (τS±,H) ,
δcg,h =
3
2
chS±AS (τS±,h) +
3
4
chSRAS (τSR,h) +
3
4
chSIAS (τSI ,h) ,
δcg,H =
3
2
cHS±AS (τS±,H) +
3
4
cHSRAS (τSR,H) +
3
4
cHSIAS (τSI ,H) , (3.21)
where C2 (rS) = 3 in our model and the reduced couplings chS± , cHS± , chSR , chSI , cHSR , cHSI
are derived from the tree-level vertices of hS+S−, HS+S−, hSRSR, hSISI , HSRSR, HSISI ,
chS± =
v2
4M2S±
(−ν1 sinα cos β + ω1 cosα sin β + κ1 cos(α + β))
chSR =
v2
4M2SR
(−(ν1 + 2ν2) sinα cos β + (ω1 + 2ω2) cosα sin β + (κ1 + 2κ2) cos(α + β))
cHS± =
v2
4M2S±
(ν1 cosα cos β + ω1 sinα sin β + κ1 sin(α + β))
cHSR =
v2
4M2SR
((ν1 + 2ν2) cosα cos β + (ω1 + 2ω2) sinα sin β + (κ1 + 2κ2) sin(α + β))
chSI = chS± , cHSI = cHS± , (3.22)
where we have shown our results under the custodial symmetry. The total effective
one-loop couplings for our model are
cg = c
2HDM
g + δcg, cγ = c
2HDM
γ + δcγ. (3.23)
With the estimated ranges provided by (2.20), we may roughly estimate the contri-
butions from the color-octet scalar. Suppose the masses of colored scalars are heavy,
say 1 TeV. Then the strength of δcg,h and δcγ,h are approximately up to
|δcg,h| . 2, |δcγ,h| . 0.1.
Given mh = 125.6 GeV, the numerical values of the effective couplings in the Standard
Model are ∣∣cSMg ∣∣ ∼ 1, ∣∣cSMγ ∣∣ ∼ 0.8,
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Then ∣∣∣∣δcg,hcSMg
∣∣∣∣ . 2, ∣∣∣∣δcγ,hcSMγ
∣∣∣∣ . 0.1,
which predicts that the effects due to color-octet scalar on the decays of Higgs to
gluons and photons can be substantial. The impact on the decay of Higgs to gluons
is greater than that of Higgs to photons. The reason can be understood as neutral
colored scalars opening extra channels for h→ gg which are not available for h→ γγ.
3.3 Numerical study
3.3.1 The input parameters for the numerical study
There are totally 8 free parameters in 2HDM when its potential is CP-conserving
and Z2 invariant as shown in (1.22). After symmetry breaking, the number of free
parameters are reduced by 2 as shown in (1.23) and (1.24). However, in a phenomenol-
ogy study, it is more common to use physical parameters, such as masses, as input
parameters. Therefore, one can consider to use {mh,mH ,mH± ,mA, cos(β − α), tan β}
for the paramter space of 2HDM. To combine the discovery of the Standard-Model-
like Higgs at LHC, we assume the lighter neutral CP-even Higgs h has the mass
mh = 125 GeV. In some cases, the results may be presented in terms of the original
parameters, λ’s. Then the following conversions from the masses to λ’s are needed,
λ1 =
1
v2 cos2 β
(
m2h sin
2 α +m2H cos
2 α−m212 tan β
)
, (3.24)
λ2 =
1
v2 sin2 β
(
m2h cos
2 α +m2H sin
2 α−m212 cot β
)
, (3.25)
λ3 =
1
v2 sin 2β
[
2
(
m2H± sin 2β −m212
)
+
(
m2H −m2h
)
sin 2α
]
, (3.26)
λ4 =
1
v2
(
2m212
sin 2β
+m2A − 2m2H±
)
, (3.27)
λ5 =
1
v2
(
2m212
sin 2β
−m2A
)
. (3.28)
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Ref. [21] transforms the 2HDM potential into Higgs the basis and scans the pa-
rameters in that basis. For the most general 2HDM potential, the Higgs basis is
defined by
H1 = Φ1 cos β + Φ2e
−iξ sin β. (3.29)
Replacing Φi with Hi, one obtains the most general 2HDM potential in the Higgs
basis,
V2HDM = Y1H
†
1H1 + Y2H
†
2H2 +
(
Y3H
†
1H2 + h.c.
)
+
1
2
Z1
(
H†1H1
)2
+
1
2
Z2
(
H†2H2
)2
+ Z3
(
H†1H1
)(
H†2H2
)
+ Z4
(
H†1H2
)(
H†2H1
)
+
1
2
[
Z5
(
H†1H2
)2
+ h.c.
]
+
[
Z6
(
H†1H1
)(
H†1H2
)
+ Z7
(
H†1H2
)(
H†2H2
)
+ h.c.
]
. (3.30)
Since the results in [21] establish ranges of the 2HDM parameters that are handy for
our study, we use input parameters Z5 and Z7 in place of mA, which can also provide
convenience for comparison of our results with theirs. The new expression of mA is
given by
m2A = m
2
H sin
2(β − α) +m2h cos2(β − α)− Z5v2. (3.31)
Other parameters that may be used in the intermediate steps, such as m212 and Z6
are given by
m212 =
sin 2β
2
[
m2H sin
2(β − α) +m2h cos2(β − α) +
1
2
tan 2β(Z6 − Z7)v2
]
,
Z6 =
(m2h −m2H) sin(β − α) cos(β − α)
v2
.
In Figure 3.5, we show an example of constraints from unitarity and fit to h→ γγ
and h → gg. In this example, we set β − α = pi
2
, mH± = 600 GeV, mA = 500 GeV,
mS± = 800 GeV, ω1,2 = 0, in the context of Type-II 2HDM. For this set of parameters
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we obtain the following constraints from unitarity,
0.42 . tan β . 2.4,
−24.5 . 1
2
(17µ3 + 13µ4 + 13µ6) . 24.5,
−3.8 . κ1 . 8.0.
In addition, the parameters ν1 and ν2 as well as ν1 and κ1 exhibit the correlated
unitarity constraint shown in middle and right panels of Figure 3.5. The allowed
parameter region for this example in the tan β-Z7 plane is shown in the left panel of
Figure 3.5. From one-loop Higgs decays within 1σ, we find |κ1| . 12.4 overlapped
with the blue dotted areas.
Figure 3.5: An example of constraints on the parameter space. Left panel: al-
lowed tan β-Z7 parameter space for the example discussed in the text. Central panel:
unitarity constraints in ν1 − ν2 for the same example (red points) and (blue points)
allowed by h → γγ and h → gg at 1σ. Right panel: unitarity constraints in ν1 − κ1
for the same example (red points) and (blue points) allowed by h→ γγ and h→ gg
at 1σ.
To illustrate the tree-level unitarity constraints and the constraints from the LHC
data fit more generally, we randomly scanned the parameter space of the 2HDM (and
its color-octet extension) to find a set of allowed points. To produce these figures
we have used the custodial symmetry results by Method-I as in (2.13), including
mH± = mA. We have scanned over the range 600 ≤ MH ≤ 900 GeV. Our plots
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reproduce those of [21] for mH = 300, 600 GeV and we also find that the allowed
region is reduced as mH increases. We further scan Z5,7 over the ranges −10 ≤ Z5 ≤
2.5, −10 ≤ Z7 ≤ 10. The upper bound on Z5 arises from the requirement of mA
being larger than about 400 GeV [63]2, and the lower bound keeps mA below around
1300 GeV; tan β is scanned over the range (0.2, 50) and cos(β − α) is scanned over
(−0.5, 0.5). The charged Higgs mass is equal to mA and as calculated from (1.37),
is found to lie in the range (400, 1200) for these parameter values. The independent
parameters that involve the color octet scalars in the custodial symmetry are allowed
to vary in the range −5pi ≤ ν1,2, ω1,2, κ1,2 ≤ 5pi, to cover the region implied by
(2.20). The parameters that affect only colour-octet self interactions at tree-level, µi
are constrained by (2.21) (which we reproduce numerically by first setting a slightly
larger range) and (2.22) which also constrains ν4,5, ω4,5 which do not affect two-to-
two scattering in the colour singlet zeroth partial wave. Finally, the mass MS± is
set to 1 TeV, which implies 725 ≤ MS0R ≤ 1200 GeV when combined with the other
parameters.
3.3.2 Two Higgs doublet model parameters
We reproduce the known shape of the region allowed by unitarity in the tan β-
cos(β − α) plane [21] 3: it is very narrow for tan β larger than about 10 as can be
seen in Figure 3.6 and it gets smaller as MH increases, so that the red region shown
is mostly determined by the value mH = 600 GeV, the lowest in our range. The same
figure shows that there is a small overlap between the regions allowed by unitarity
(red) and those allowed by the effective loop decays of the Higgs (blue) in both Type-I
and Type-II 2HDM but this overlap region is enlarged with the addition of the color
2Taking at face value of the constraint from B → Xsγ: mH± ≥ 380 GeV.
3As mentioned in the Chapter 2, we follow the common convention
∣∣a00∣∣ ≤ 12 instead of |a00| ≤ 1
which is adopted in that reference.
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octet (green). However, the color octet tends to populate regions that are not allowed
by the tree-level unitarity constraints.
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Figure 3.6: Comparison of unitarity constraints (red points) to 1σ constraints from
h → gg and h → γγ in the 2HDM (blue points) and the 2HDM plus a color octet
(green) as described in the text.
Next, we illustrate in Figure 3.7 the two dimensional projections of the multidi-
mensional region allowed by the tree-level unitarity constraints in the parameters of
the 2HDM. The more significant correlation found is that between λ3 and λ4. The
darker regions in the plots reflect the concentration of points in the narrow region
allowed in the tan β-cos(β − α) plane.
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Figure 3.7: Two dimensional projections of unitarity constraints in 2HDM.
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We considered the question of overlap between the allowed regions in Figure 3.7
and additional constraints arising from the one-loop Higgs decays, and found that
tree-level unitarity is more restrictive in all cases. We show in Figure 3.8 the region
most constrained by h→ gg and h→ γγ.
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Figure 3.8: Two dimensional projections of the region allowed by h → gg and
h→ γγ at 1σ.
3.3.3 Parameters that mix the 2HDM sector with the color-octet sec-
tor
The two dimensional projections of the region allowed by tree-level unitarity for
this sector are shown in Figure 3.9. The figures show approximate correlations of the
form
|2ν1 + ν2| . 14,
|2ω1 + ω2| . 15,
|2κ1 + κ2| . 11.
50
The estimated ranges in (2.20) are
|ν1| , |ω1| . 8.9,
|ν2| , |ω2| . 17.8
|κ1| . 6.3,
|κ2| . 12.6,
which are close to and slightly greater than the limits indicated by Figure 3.9.
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Figure 3.9: Two dimensional projections of unitarity constraints on the parameters
that mix the 2HDM scalars and the color-octet scalars.
In the same manner we study the two-dimensional projections of the region allowed
at 1σ by the loop induced Higgs decays. The only projections indicating a possible
correlation are shown in Figure 3.10.
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Figure 3.10: Two dimensional projections of constraints arising from 1σ allowed
regions in h→ gg and h→ γγ for Type-II 2HDM (blue) and Type-II 2HDM (red).
3.3.4 Loop-induced Higgs decay
Now we present the points allowed by tree-level unitarity in a (h → gg, h → γγ)
plot in Figure 3.11. The black contours are taken from [62] and are respectively the
1σ and 2σ allowed regions, with the cross being the best fit point. The Standard
Model point is, of course, (1,1). On these contours we have overlaid the blue regions
which consist of the points allowed by unitarity for the 2HDM parameter space, and
the red regions corresponding to those allowed by unitarity for the 2HDM augmented
by the color-octet.
The color-octet extends the region which can be explained with a 2HDM mostly
in the direction of a larger BR(h → gg). This figure does not give any insight into
the values of different parameters in various regions of the plot. We have studied this
issue by looking at all the possible correlations between pairs of parameters and the
value of the (h→ gg, h→ γγ) point in Figure 3.11, but found no notable correlations
beyond those already shown in Figure 3.10. Given the complexity of (3.21) this is
not too surprising. One could also constrain the points illustrated in this figure by
requiring them to lie within the 95% confidence level region of Figure 3.1. Since this
is only an approximation to the global fit, it is easier to require instead that they
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Figure 3.11: Points in parameter space that satisfy the unitarity constraints shown
in a h → gg-h → γγ plot. The blue points correspond to 2HDM whereas the red
points correspond to the extended 2HDM.
satisfy
−0.04 ≤ cos(β − α) ≤ 0.08,
0.1 ≤ tan β ≤ 5,
roughly mapping the region shown in Figure 1 of [53] for 2HDM-II. The result is
indistinguishable from the red region already in Figure 3.11. These results illustrate
how the loop induced Higgs decays are at present the best channels to constrain a
Manohar-Wise type color-octet.
We can consider the effect of the additional parameters from the colour-octet
sector as follows. For each of the points in parameter space that satisfies the tree-
level unitarity constraints we can compute two different points (h → gg, h → γγ).
The first one would use the results of the 2HDM ignoring the additional contributions
from the color octet. These points are shown in blue in Figure 3.12. The second point
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(in red) is the one corresponding to the calculation in the full model, already shown
in Figure 3.11.
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Figure 3.12: Points in parameter space that satisfy the unitarity constraints of the
extended 2HDM are shown in a (h→ gg)-(h→ γγ) plot. The red points correspond
to the h → gg, γγ rates being calculated in the full, color-octet augmented, model.
The blue points correspond to the h → gg, γγ rates being calculated without the
contributions from the colour octet.
The region allowed by both tree-level unitarity and Higgs decays at one-loop can
be used to predict the loop-induced decays of the heavier neutral scalars. As an
example we show in Figure 3.13 the decay rates for the heavy neutral scalar of the
2HDM, H0, into two photons and two gluons.
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Figure 3.13: Points in parameter space with 600 ≤ MH ≤ 900 GeV that satisfy
the unitarity constraints as well as the h→ gg and h→ γγ 1σ constraints shown in
a (H → gg)-(H → γγ) plot. The blue points correspond to 2HDM whereas the red
points correspond to the extended 2HDM.
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CHAPTER 4 THE VALIDITY OF THE MODEL UP TO
HIGH ENERGY SCALE
4.1 An overview on renormalization group theory
Before deriving the renormalization group equations of our model, a brief review
of renormalization group theory is presented in this section.
4.1.1 ϕ4 theory as an example
At the beginning, we will take ϕ4 theory as an example to illustrate the renormal-
ization group theory. The Lagrangian in ϕ4 theory is typically written as
L = 1
2
∂µϕ∂µϕ− 1
2
m2ϕ2 − 1
4!
λϕ4, (4.1)
and ϕ is a real field.
In the renormalization group theory, the Lagrangian can be written in two different
ways. In d = 4−  dimension, it is written as
L = Zϕ1
2
∂µϕ∂µϕ− 1
2
Zmm
2ϕ2 − 1
4!
Zλλµ
2ϕ4, (4.2)
where µ is the energy scale. Absorbing the Z-factors, it is also written as
L = 1
2
∂µϕ0∂µϕ0 − 1
2
m20ϕ
2
0 −
1
4!
λ0ϕ
4
0, (4.3)
where
ϕ0 = Z
1
2
ϕϕ, m
2
0 = Z
−1
ϕ Zmm
2, λ0 = Z
−2
ϕ Zλλµ
. (4.4)
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In general, the Z-factors are calculated by including all Feynmann diagrams and
the loop-diagrams will generate infinities that take the form of inverse powers of .
Therefore, Z-factors can be written as power series of 1

,
Zϕ = 1 +
∞∑
n=1
an(λ)
−n, (4.5)
Zm = 1 +
∞∑
n=1
bn(λ)
−n, (4.6)
Zλ = 1 +
∞∑
n=1
cn(λ)
−n. (4.7)
The bare coupling λ0 determines the scattering amplitude of ϕϕ → ϕϕ, and
therefore, can be considered as an observable which should not vary with µ. This
implies that ∂λ0
∂ lnµ
= 0. Let G(λ, ) = ln
(
Z−2ϕ Zλ
)
. Then G(λ, ) can be written as
power series of 1

as well,
G(λ, ) =
∞∑
n=1
Gn(λ)
−n. (4.8)
Combining ∂λ0
∂ lnµ
= 0 and lnλ0 = G(λ, ) + lnλ+  lnµ, one can get( ∞∑
n=1
G′n(λ)
−n +
1
λ
)
∂λ
∂ lnµ
+  = 0. (4.9)
Retaining the terms up to the order of O(0) and taking the limit → 0, we can get
∂λ
∂ lnµ
= βλ, (4.10)
where the (one-loop) beta function of λ is given by βλ = λG1(λ).
In ϕ4 theory, one can confirm the following results from one-loop corrections by
performing calculations that can be found in typical textbooks of quantum field the-
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ory,
a1(λ) = 0, (4.11)
b1(λ) =
λ
16pi2
, (4.12)
c1(λ) =
3λ
16pi2
, (4.13)
G1(λ) = c1(λ). (4.14)
Therefore, at the one-loop correction, we have
βλ =
3λ2
16pi2
. (4.15)
The same procedures can be taken to get the one-loop delta function of m2. We do
not go into the details.
The renormalization group equations, such as (4.10), describe how parameters in
a Lagrangian vary with the energy scale µ. In ϕ4 theory, the beta function of λ is
positive, indicating that the coupling will get stronger as energy increases. There
exists an upper bound µmax called Landau pole at which λ becomes infinity. This
means that perturbation theory will no longer work at the high energy scale µmax.
In a general theory, it is also possible for the beta function of a parameter to be
negative. This will imply that the interaction couples more and more weakly as the
energy increases, and is said to be asymptotically free. An example of asymptot-
ically free interaction is the strong interaction. However, the coupling strength of
an asymptotically free theory increases as the energy decreases, and theory becomes
non-perturbative at a low energy scale.
4.1.2 The one-loop beta function of λ in the Standard Model
ϕ4 theory can be thought of as a prototype of the scalar sector of the Standard
Model and its result can be extended to the Standard Model. Two formulations could
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be used to derive the one-loop beta functions.
The first way is to rewrite Φ as
Φ =
ϕ1 + iϕ2
ϕ3 + iϕ4

where all ϕi are real fields. Then the Lagrangian of Φ becomes four pieces and
each piece is a ϕ4 theory with mixed interactions such as δL = −2λϕ21ϕ22. The new
interactions only add more one-loop diagrams, but do not introduce loop integrals
different from ϕ4 thoery. However, doubling the number of the fields, it will introduce
a large number of loop diagrams when applied to our model.
The second way is to write Φ as
Φ =
Φ1
Φ2
 ,
where all both Φi are complex fields. Then the Lagrangian of Φ becomes two pieces
and each piece resembles ϕ4 theory. Again, the loop calculations do not differ from ϕ4
theory and when applied to our model, much fewer diagrams need to be considered
than the first method. And thus, we explicitly show how the second method works
on the Standard Model as follows, to establish an example of calculating βλ which
can be applied to our model.
The scattering process that is used as a criterion of renormalization is
Φi (k1)Φ
j∗ (k2)→ Φk (k3)Φl∗ (k4) ,
where i, j, k, l are the SU(2) indices, and k1, k2, k3, k4 are the four-momenta of the
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fields. By computing
〈
ΦkΦl∗
∣∣ (Φ†Φ)2 ∣∣ΦiΦj∗〉 = 〈ΦkΦl∗∣∣∑
r,s
ΦrΦr∗ΦsΦs∗
∣∣ΦiΦj∗〉
=
∑
r,s
(
δirδj¯r¯δksδls¯ + δisδj¯r¯δkrδl¯s¯ + δirδj¯s¯δksδl¯r¯ + δisδj¯s¯δkrδl¯r¯
)
= 2
(
δij¯δkl¯ + δil¯δjk¯
)
,
one can derive the tree-level Feynmann rule of the scattering process shown in Fig-
ure 4.1 and the index with an over bar, for example i¯, is for tracking the complex
conjugate fields Φi∗.
Φ, i
Φ∗, lΦ∗, j
Φ, k
Φ Φ
Φ∗ Φ∗
Φ Φ
Φ∗Φ∗
Φ
ΦΦ∗
Φ∗
1
iM0 = −iVλ(i, j¯, k, l¯) = −i2λ
(
δij¯δkl¯ + δil¯δkj¯
)
Figure 4.1: Feynmann rules of scalar scattering in the Standard Model.
All the one-loop diagrams induced by the scalar self-couplings are presented in
Figure 4.2 and the correction of a particular diagram D to the amplitude is given by
δMD = 1
16pi2
V 2λ,DS
−1
D ·
2

+ · · · ,
where SD is the symmetry factor of diagram D. V
2
λ,D is a short notation for∑
pD,qD
Vλ
(
i1,D, j¯1,D, k1,D, l¯1,D
)
Vλ
(
i2,D, j¯2,D, k2,D, l¯2,D
)
,
where pD, qD specify the indices of the propagators.
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Φ, i
Φ∗, lΦ∗, j
Φ, k
Φ Φ
Φ∗ Φ∗
Φ Φ
Φ∗Φ∗
Φ
ΦΦ∗
Φ∗
1
Figure 4.2: One-loop diagrams induced by the scalar self-couplings in the Standard
Model.
For example, in the diagram D = 1, the symmetry factor is S1 = 1; the vertex
factor of the left one is Vλ (i, j¯, p, q¯); the vertex factor of the right one is Vλ
(
q, p¯, k, l¯
)
.
Therefore,
V 2λ,1 = 4λ
2
(
δij¯δpq¯ + δiq¯δpj¯
) (
δqp¯δkl¯ + δql¯δkp¯
)
= 4λ2
(
4δij¯δkl¯ + δil¯δkj¯
)
.
For the rest of the diagrams, S2 = 2, S3 = 1, and
V 2λ,2 = 4λ
2 (δip¯δkq¯ + δiq¯δkp¯)
(
δpj¯δql¯ + δpl¯δqj¯
)
= 4λ2
(
2δij¯δkl¯ + 2δil¯δkj¯
)
,
V 2λ,3 = 4λ
2
(
δip¯δql¯ + δil¯δqp¯
) (
δpj¯δkq¯ + δpq¯δjk¯
)
= 4λ2
(
δij¯δkl¯ + 4δil¯δkj¯
)
.
The total correction of the three diagrams is
δM = 1
16pi2
· 2 (δij¯δkl¯ + δil¯δkj¯) · 24λ2 · 1 + · · · .
Recalling the renormalization of ϕ4 theory, the beta function of λ is then given by
βλ =
24λ2
16pi2
.
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4.1.3 Triviality and vacuum stability of the Standard Model
Including the one-loop corrections from t quark and gauge bosons, the one-loop
beta function of λ in the Standard Model is known as
16pi2βλ = 24λ
2 +
(
12λ2t − 3g21 − 9g22
)
λ− 6λ4t +
3
8
[(
g21 + g
2
2
)2
+ 2g42
]
, (4.16)
where λt =
√
2mt
v
is the Higgs coupling to t quark.
When λ is dominant over other couplings, 16pi2βλ ≈ 24λ2, and
λ(µ) =
λ (µ0)
1− 3pi2
2
λ (µ0) ln
µ
µ0
.
One can tell that λ(µ) =∞ at the maximal energy scale µmax = µ0 exp
(
2
3pi2λ(µ0)
)
. If
one wants µmax = ∞, λ has to be zero for all scales, leading to a trivial theory with
no interactions. In practice, one may require that λ hit the pole at a high energy
scale which in turn provides an upper bound of mH .
When λt becomes dominant, its negative contribution to βλ could result in λ < 0
at some scale µ, which means that the vacuum is unstable and can decay to a deeper
local minimum via quantum tunneling. To avoid unstable vacuum, the Higgs mass
should not be too light and must have a lower bound.
Detailed analysis on the vacuum stability of the Standard Model such as in [64]
point out that the theoretical lower bound is very close to 126 GeV. Therefore, the
Higgs boson discovered at LHC is quite on the edge to endanger the stability of
vacuum. This motivates theories beyond the Standard Model to resolve this issue,
for example, 2HDM. Our model could also be promising to have a viable parameter
space to accommodate the Standard-Model-like Higgs as well as preserving vacuum
stability because of the rich structure in the scalar sector.
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4.2 Derivation of the one-loop beta functions of the scalar
self-couplings
In this section, we begin the project to derive the one-loop beta functions of the
scalar self-couplings in our model with the method reviewed in the previous section.
The major steps are summarized as follows.
1. Get all tree-level Feynmann rules of scalar vertices.
2. For each coupling, select a scattering process as a reference of renormalization
and find all one-loop diagrams that contribute to that process.
3. Since there is no new type of loop integral, calculation is primarily on summing
over SU(2) and SU(3) indices in vertex factors.
4. Sum up all loop corrections and get beta functions by comparing with tree-level
vertices.
At first, we assume the couplings such as µ’s, ν’s, ω’s, κ’s, except the 2HDM
couplings λ’s, are complex, and derive a general version of renormalization group
equations without imposing custodial symmetry. In addition, we will only consider
the contributions from the scalars.
4.2.1 The scalar vertices of the full model
The scalar vertices of 2HDM is shown in Figure C.1 and those involving S are
shown in Figure C.2.
The Feynmann rules of scalar vertices are given below. For the vertices with the
colored scalar S, the SU(3) color indices a, b, c, d are also explicitly shown.
1. Scalar vertices of 2HDM.
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(a) −iλ1
(
δij¯δkl¯ + δil¯δkj¯
)
(b) −iλ2
(
δij¯δkl¯ + δil¯δkj¯
)
(c) −i (λ3δij¯δkl¯ + λ4δil¯δkj¯)
(d) −iλ5
(
δij¯δkl¯ + δil¯δkj¯
)
(e) −iλ5
(
δij¯δkl¯ + δil¯δkj¯
)
2. Scalar vertices with the color octet S.
(a) − i
2
(
ν1δij¯δkl¯ + ν2δil¯δkj¯
)
δab
(b) −iν3
(
δij¯δkl¯ + δil¯δkj¯
)
δab
(c) −iν3
(
δij¯δkl¯ + δil¯δkj¯
)
δab
(d) − i
2
(
ω1δij¯δkl¯ + ω2δil¯δkj¯
)
δab
(e) −iω3
(
δij¯δkl¯ + δil¯δkj¯
)
δab
(f) −iω3
(
δij¯δkl¯ + δil¯δkj¯
)
δab
(g) −i [δij¯δkl¯ (ν∗4TrT aT bT c + ν∗5TrT bT aT c)+ δil¯δkj¯ (ν∗4TrT bT aT c + ν∗5TrT aT bT c)]
(h) −i [δij¯δkl¯ (ν4TrT aT bT c + ν5TrT bT aT c)+ δil¯δkj¯ (ν4TrT bT aT c + ν5TrT aT bT c)]
(i) −i [δij¯δkl¯ (ω∗4TrT aT bT c + ω∗5TrT bT aT c)+ δil¯δkj¯ (ω∗4TrT bT aT c + ω∗5TrT aT bT c)]
(j) −i [δij¯δkl¯ (ω4TrT aT bT c + ω5TrT bT aT c)+ δil¯δkj¯ (ω4TrT bT aT c + ω5TrT aT bT c)]
(k) − i
2
(
κ1δij¯δkl¯ + κ2δil¯δkj¯
)
δab
(l) − i
2
(
κ∗1δij¯δkl¯ + κ
∗
2δil¯δkj¯
)
δab
(m) − i
2
κ3
(
δij¯δkl¯ + δil¯δkj¯
)
δab
(n) − i
2
κ∗3
(
δij¯δkl¯ + δil¯δkj¯
)
δab
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(o)
− i
{
δij¯δkl¯
[
2µ1TrT
aT dT cT b + 2µ2TrT
aT bT cT d +
1
2
µ3δabδcd
+
1
2
µ4δadδbc +
1
2
µ5δacδbd + µ6
(
TrT aT cT dT b + TrT cT aT bT d
)]
+δil¯δkj¯
[
2µ1TrT
aT bT cT d + 2µ2TrT
aT dT cT b +
1
2
µ3δadδbc
+
1
2
µ4δabδcd +
1
2
µ5δacδbd + µ6
(
TrT aT cT bT d + TrT cT aT dT b
)]}
4.2.2 Loop digrams for 2HDM scalar couplings
The beta functions of 2HDM scalar couplings have been studied in literature. We
only need to find the new contributions from the color-octet scalar. The scattering
processes used to derive the beta functions of λi are listed below.
• λ1:
Φi1 (k1)Φ
j∗
1 (k2)→ Φk1 (k3)Φl∗1 (k4)
• λ2:
Φi2 (k1)Φ
j∗
2 (k2)→ Φk2 (k3)Φl∗2 (k4)
• λ3 and λ4:
Φi1 (k1)Φ
j∗
1 (k2)→ Φk2 (k3)Φl∗2 (k4)
• λ5:
Φi2 (k1)Φ
j∗
1 (k2)→ Φk2 (k3)Φl∗1 (k4)
The one-loop diagrams induced by the colored scalar are shown in Figure C.3.
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4.2.3 Loop diagrams for the other scalar couplings
The scattering processes chosen as references of renormalization for the rest of the
scalar couplings are listed below.
• ν1 and ν2:
Φi1 (k1)Φ
j∗
1 (k2)→ Sa,k (k3)Sb,l∗ (k4)
• ν3:
Sb,i (k1)Φ
j∗
1 (k2)→ Sa,k (k3)Φl∗1 (k4)
• ν4 and ν5:
Sa,i (k1)Φ
j∗
1 (k2)→ Sc,k (k3)Sb,l∗ (k4)
• κ1 and κ2:
Φi2 (k1)Φ
j∗
1 (k2)→ Sa,k (k3)Sb,l∗ (k4)
• κ3:
Sa,i (k1)Φ
j∗
1 (k2)→ Sb,k (k3)Φl∗2 (k4)
• µ’s:
Sa,i (k1)S
b,j∗ (k2)→ Sc,k (k3)Sd,l∗ (k4)
The scatterings ω’s are not listed above because calculation for ω’s can be skipped by
taking advantage of the exchanging symmetry in the potential. Once beta functions
of ν’s are obtained, one can get those of ω’s by exchanging λ1 and λ2, ν’s and ω’s,
and taking the complex conjugate of κ1 and κ2. The one-loop diagrams are shown in
Figure C.4, Figure C.5, Figure C.6, Figure C.7, Figure C.8 and Figure C.9.
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4.2.4 Techniques for contracting color indices
Given the Feynmann rules and one-loop diagrams, the derivations for beta func-
tions are as routine as in the Standard Model. For most diagrams, the contraction
of SU(2) and SU(3) indices are very simple since only Kronecker deltas appear in
the vertex factors. However, hard work occurs when confronted with the product of
traces. The possible cases of contraction are listed as below.
1. TrT aT uT vTrT bT uT v = A1δab.
2. TrT aT uT vTrT bT vT u = A2δab.
3. TrT aT uT vTrT bT cT uT v = B1TrT
aT bT c + C1TrT
aT cT b.
4. TrT aT vT uTrT bT cT uT v = B2TrT
aT bT c + C2TrT
aT cT b.
5. TrT aT uT vTrT uT bT vT c = B3TrT
aT bT c + C3TrT
aT cT b.
6. TrT aT vT uTrT uT bT vT c = B4TrT
aT bT c + C4TrT
aT cT b.
7. TrT aT bT uTrT cT dT u = D1δabδcd+E1δacδbd+F1δadδbc+M1TrT
aT bT cT d+N1TrT
aT bT dT c+
P1TrT
aT cT bT d +Q1TrT
aT cT dT b +R1TrT
aT dT bT c + S1TrT
aT dT cT b.
8. TrT aT bT uT vTrT cT dT uT v = D2δabδcd +E2δacδbd + F2δadδbc +M2TrT
aT bT cT d +
N2TrT
aT bT dT c+P2TrT
aT cT bT d+Q2TrT
aT cT dT b+R2TrT
aT dT bT c+S2TrT
aT dT cT b.
9. TrT aT bT uT vTrT cT dT vT u = D3δabδcd +E3δacδbd + F3δadδbc +M3TrT
aT bT cT d +
N3TrT
aT bT dT c+P3TrT
aT cT bT d+Q3TrT
aT cT dT b+R3TrT
aT dT bT c+S3TrT
aT dT cT b.
10. TrT aT bT uT vTrT cT uT dT v = D4δabδcd +E4δacδbd + F4δadδbc +M4TrT
aT bT cT d +
N4TrT
aT bT dT c+P4TrT
aT cT bT d+Q4TrT
aT cT dT b+R4TrT
aT dT bT c+S3TrT
aT dT cT b.
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11. TrT aT uT bT vTrT cT uT dT v = D5δabδcd +E5δacδbd + F5δadδbc +M5TrT
aT bT cT d +
N5TrT
aT bT dT c+P5TrT
aT cT bT d+Q5TrT
aT cT dT b+R5TrT
aT dT bT c+S5TrT
aT dT cT b.
To determine the constants in each case, it requires the knowledge about the proper-
ties of su(3) which is the Lie algebra of SU(3).
As convention, the set of traceless Hermitian matrices T a are the generators of
su(3), and the normalization is set to be TrT aT b = 1
2
δab. The basic commutation and
anti-commutation relations of the them are
[
T a, T b
]
= ifabcT c,
{
T a, T b
}
=
1
3
δabI + d
abcT c, (4.17)
and fabc and dabc are well known as totally antisymmetric and symmetric, respectively.
The known properties of matrix product
[[X, Y ] , Z] + [[Y, Z] , X] + [[Z,X] , Y ] = 0,
[{X, Y } , Z] + [{Y, Z} , X] + [{Z,X} , Y ] = 0,
[[X, Y ] , Z] = {{Y, Z} , X} − {{X,Z} , Y } ,
lead to three famous identities of fabc and dabc,
fabufucd + f cbufaud + fdbufacu = 0, (4.18)
fabuducd + f cbudaud + fdbudacu = 0, (4.19)
fabuf cdu =
2
3
(δacδbd − δadδbc) + dacudbdu − dadudbcu. (4.20)
In principle, any identities of f, d-constants in the form of cyclic contraction can be
derived from (4.17) – (4.20). We list below the identities that are frequently used in
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SU(3) theory,
T aT b =
1
6
δabI +
(
ifabc + dabc
)
T c, (4.21)
facuf bcu = 3δab, (4.22)
dacudbcu =
5
3
δab, (4.23)
dabuducd + dcbudaud + ddbudacu =
1
3
(δabδcd + δacδbd + δadδbc) , (4.24)
fuavf vbwfwcu = −3
2
fabc, (4.25)
duavf vbwfwcu = −3
2
dabc, (4.26)
duavdvbwfwcu =
5
6
fabc, (4.27)
duavdvbwdwcu = −1
2
dabc, (4.28)
TrT aT bT c =
1
4
(
ifabc + dabc
)
, (4.29)
TrT aT bT cT d =
1
12
δabδcd +
1
8
(
ifabu + dabu
) (
if cdu + dcdu
)
. (4.30)
Results for case 1 through 10 are easily obtained from the above identities. They
are
A1 = − 1
12
,
A2 =
7
24
,
B1 = −1
6
, C1 = 0,
B2 =
7
12
, C2 = 0,
B3 = C3 =
7
12
,
B4 = C4 = − 1
12
,
D1 = − 1
24
, E1 = F1 = 0, M1 =
1
2
, N1 = P1 = Q1 = R1 = S1 = 0,
D2 =
5
72
, E2 = F2 = 0, M2 = −1
6
, N2 = P2 = Q2 = R2 = S2 = 0,
69
D3 =
1
144
, E3 = F3 = 0, M3 =
7
12
, N3 = P3 = Q3 = R3 = S3 = 0,
D4 =
1
144
, E4 = F4 = 0, M4 = N4 = − 1
12
, P4 = Q4 = R4 = S4 = 0.
Case 11 is much more complicated than the others, and we show the details as
follows.
1. Using (4.30), one can find that
TrT aT uT bT vTrT cT uT dT v = − 1
144
δacδbd +
1
12
TrT aT dT bT c +
1
12
TrT aT cT bT d
+
1
64
(ifaup + daup)
(
if bvp + dbvp
)
(if cuq + dcuq)
(
ifdvq + ddvq
)
.
The last term is more difficult since the cyclic indices take the form (uap)(pbv)(vdq)(qcu),
which is not on the list of frequently used equations.
2. To take a roundabout method, one may come up with
TrT aT uT bT vTrT dT uT cT v = − 1
144
δadδbc +
1
12
TrT aT dT bT c +
1
12
TrT aT cT bT d
+
1
64
(ifaup + daup)
(
if bvp + dbvp
) (
ifduq + dduq
)
(if cvq + dcvq)
and consider to take the sum. Using (4.18) – (4.20), we have
(if cuq + dcuq)
(
ifdvq + ddvq
)
+
(
ifduq + dduq
)
(if cvq + dcvq)
= −f cuqfdvq + fduqf cvq + i (f cuqddvq + fduqdcvq)+ i (dcuqfdvq + dduqf cvq)+ dcuqddvq + dduqdcvq
= −
[
2
3
(2δcdδuv − δcuδdv − δcvδdu) +
(
2dcdqduvq − dcuqddvq − dcvqdduq)]
+ i
(
f cuqdqdv + fduqdcqv
)
+ i
(
fdvqdqcu + f cvqddqu
)
+
(
dcuqddvq + dduqdcvq
)
= −
[
2
3
(2δcdδuv − δcuδdv − δcvδdu) + 2
(
dcdqduvq − dcuqddvq − dcvqdduq)]
− i (f vuqdcdq + fuvqddcq)
= −2
3
δcdδuv +
4
3
δcuδdv +
4
3
δcvδdu − 4dcdqduvq.
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The term dcdqduvq is in the desired form that will change the contraction of
(uap)(pbv)(vdq)(qcu) into (uap)(pbv)(vqu)(cdq), where (uap)(pbv)(vqu) is the
cyclic form on the list. After going through further calculations, one will be
able to find
TrT aT uT bT vTrT cT uT dT v + TrT aT uT bT vTrT dT uT cT v
=
1
24
δacδbd +
1
24
δadδbc − 1
144
δabδcd +
1
12
TrT aT cT bT d +
1
12
TrT aT dT bT c.
3. The next is to take the substraction,
TrT aT uT bT vTrT cT uT dT v − TrT aT uT bT vTrT dT uT cT v
=
1
2
(
TrT aT uT bT v − TrT uT aT vT b) (TrT cT uT dT v − TrT uT cT vT d)
= − 1
32
(
faupdbvp + f bvpdaup
) (
f cuqddvq + fdvqdcuq
)
.
With (4.19), one can infer that fabedcde =
(
f cdedabe − facedbde + f bdedace), and
therefore,
TrT aT uT bT vTrT cT uT dT v − TrT aT uT bT vTrT dT uT cT v
= − 1
32
(
2faupdbvp + fabpduvp − fuvpdabp) (2f cuqddvq + f cdqduvq − fuvqdcdq)
=
1
8
(
fpaufucqdqdvdvbp +
5
12
fabef cde +
3
4
dabedcde
)
.
Again, we are confonted with the troublesome cyclic form (uap)(pbv)(vdq)(qcu).
4. Starting from (4.18) and (4.27), one can construct
fpaqf qbuducvdvdp + f baqfpquducvdvdp + fuaqfpbqducvdvdp
= fpaqf qbuducvdvdp − fuaqf qbpdpdvdvcu − fabef cde
= 0.
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Similarly, starting from (4.20) and (4.26), one can construct
dpaqdqbufucvf vdp + dbaqdpqufucvf vdp + duaqdpbqfucvf vdp
= dpaqdqbufucvf vdp + duaqdqbpfpdvf vcu − 3
2
dabedcde
=
1
3
(δpaδbu + δpbδua + δpuδab) f
ucvf vdp
= −δabδcd − 1
3
(
fadef bce + facef bde
)
.
Then we have
fpaqf qbuducvdvdp − fuaqf qbpdpdvdvcu = 5
6
fabef cde,
dpaqdqbufucvf vdp + duaqdqbpfpdvf vcu = −δabδcd −
[
1
3
(
fadef bce + facef bde
)− 3
2
dabedcde
]
.
Now it becomes clear that fpaqf qbuducvdvdp can be solved from the two identities
above after exchanging in pair the indices (a, b) and (c, d) in the second identity.
The rest is only a matter of simplification and one will be able to get
TrT aT uT bT vTrT cT uT dT v − TrT aT uT bT vTrT dT uT cT v
=
1
8
[
1
4
δabδcd − 1
4
δacδbd +
3
4
δadδbc − 5
3
(
TrT aT dT cT b + TrT aT bT cT d
)
−1
3
(
TrT aT cT dT b + TrT aT bT dT c
)− (TrT aT cT bT d + TrT aT dT bT c)] .
5. Finally, we can conclude that
D5 =
1
144
, E5 = 0, F5 =
1
16
, M5 = − 1
12
, N5 = P5 = Q5 = R5 = 0, S5 = − 1
12
.
4.2.5 The beta functions of the scalar couplings
Following the crucial steps presented in the previous discussions, we get a general
version of one-loop beta functions for all the scalar couplings, in which custodial
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symmetry is not imposed and the couplings induced by the colored scalar can take
on complex values. We only show the contributions from the scalars.
16pi2βλ1 = 12λ
2
1 + 4λ
2
3 + 4λ3λ4 + 2λ
2
4 + 2λ
2
5 + 8ν
2
1 + 8ν1ν2 + 4ν
2
2 + 16ν
2
3 ,
16pi2βλ2 = 12λ
2
2 + 4λ
2
3 + 4λ3λ4 + 2λ
2
4 + 2λ
2
5 + 8ω
2
1 + 8ω1ν2 + 4ω
2
2 + 16ω
2
3,
16pi2βλ3 = 4λ
2
3 + 2λ
2
4 + 2λ
2
5 + 2 (λ1 + λ2) (3λ3 + λ4) + 8ν1ω1 + 4ν1ω2 + 4ν2ω1
+ 4 |κ2|2 + 4 |κ3|2 ,
16pi2βλ4 = 4λ
2
4 + 8λ3λ4 + 8λ
2
5 + 2 (λ1 + λ2)λ4 + 4ν2ω2
+ 8 |κ1|2 + 4κ1κ∗2 + 4κ∗1κ2 + 4 |κ3|2 ,
16pi2βλ5 = 2 (λ1 + λ2 + 4λ3 + 6λ4)λ5 + 8κ
2
1 + 8κ1κ2 + 4κ
2
2 + 16ν3ω3,
16pi2βν1 = 6λ1ν1 + 2λ1ν2 + 4λ3ω1 + 2λ3ω2 + 2λ4ω1 + 2ν
2
1 + ν
2
2 + 4ν
2
3
+ 2 |κ1|2 + |κ2|2 + |κ3|2 + ν1 (8µ1 + 8µ2 + 17µ3 + 10µ4 + 3µ5 + 5µ6)
+ ν2
(
8
3
µ1 +
8
3
µ2 + 8µ3 + µ4 + µ5 +
8
3
µ6
)
− 2
3
|ν4|2 + 7
3
ν4ν
∗
5 +
7
3
ν∗4ν5 −
2
3
|ν5|2 ,
16pi2βν2 = 2λ1ν2 + 2λ4ω2 + 4ν1ν2 + 2ν
2
2 + 16ν
2
3 + 2κ1κ
∗
2 + 2κ
∗
1κ2 + 2 |κ2|2 + 4 |κ3|2
+ ν2
(
8
3
µ1 +
8
3
µ2 + µ3 + 8µ4 + µ5 − 1
3
µ6
)
+
17
6
|ν4|2 + 4
3
ν4ν
∗
5 +
4
3
ν∗4ν5 +
17
6
|ν5|2 ,
16pi2βν3 = 4ν1ν3 + 6ν2ν3 + 2λ1ν3 + 2λ5ω3 + 2κ1κ3 + 3κ2κ3
+ ν3
(
−1
3
µ1 − 1
3
µ2 + µ3 + µ4 + 8µ5 +
8
3
µ6
)
+
17
12
ν24 +
4
3
ν4ν5 +
17
12
ν25 ,
16pi2βν4 = 2ν3ν
∗
4 + 8ν3ν
∗
5 + κ3ω
∗
4 + 4κ3ω
∗
5 + (3κ1 + 2κ2)ω4 + 2κ2ω5
+ ν4 (3ν1 + 2ν2 + 6µ1 + 2µ2 + 3µ3 + 2µ4 + µ5 + µ6)
+ ν5 (2ν2 − µ2 + 2µ4 + 4µ5 + µ6) ,
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16pi2βν5 = 8ν3ν
∗
4 + 2ν3ν
∗
5 + 4κ3ω
∗
4 + κ3ω
∗
5 + 2κ2ω4 + (3κ1 + 2κ2)ω5
+ ν4 (2ν2 − µ1 + 2µ4 + 4µ5 + µ6)
+ ν5 (3ν1 + 2ν2 + 6µ1 + 2µ2 + 3µ3 + 2µ4 + µ5 + µ6) ,
16pi2βω1 = 6λ2ω1 + 2λ2ω2 + 4λ3ν1 + 2λ3ν2 + 2λ4ν1 + 2ω
2
1 + ω
2
2 + 4ω
2
3
+ 2 |κ1|2 + |κ2|2 + |κ3|2 + ω1 (8µ1 + 8µ2 + 17µ3 + 10µ4 + 3µ5 + 5µ6)
+ ω2
(
8
3
µ1 +
8
3
µ2 + 8µ3 + µ4 + µ5 +
8
3
µ6
)
− 2
3
|ω4|2 + 7
3
ω4ω
∗
5 +
7
3
ω∗4ω5 −
2
3
|ω5|2 ,
16pi2βω2 = 2λ2ω2 + 2λ4ν2 + 4ω1ω2 + 2ω
2
2 + 16ω
2
3 + 2κ1κ
∗
2 + 2κ
∗
1κ2 + 2 |κ2|2 + 4 |κ3|2
+ ω2
(
8
3
µ1 +
8
3
µ2 + µ3 + 8µ4 + µ5 − 1
3
µ6
)
+
17
6
|ω4|2 + 4
3
ω4ν
∗
5 +
4
3
ω∗4ω5 +
17
6
|ω5|2 ,
16pi2βω3 = 4ω1ω3 + 6ω2ω3 + 2λ2ω3 + 2λ5ν3 + 2κ
∗
1κ3 + 3κ
∗
2κ3
+ ω3
(
−1
6
µ1 − 1
6
µ2 +
1
2
µ3 +
1
2
µ4 + 4µ5 +
4
3
µ6
)
+
17
12
ω24 +
4
3
ω4ω5 +
17
12
ω25,
16pi2βω4 = 2ω3ω
∗
4 + 8ω3ω
∗
5 + κ3ν
∗
4 + 4κ3ν
∗
5 + (3κ
∗
1 + 2κ
∗
2) ν4 + 2κ
∗
2ν5
+ ω4 (3ω1 + 2ω2 + 6µ1 + 2µ2 + 3µ3 + 2µ4 + µ5 + µ6)
+ ω5 (2ω2 − µ2 + 2µ4 + 4µ5 + µ6) ,
16pi2βω5 = 8ω3ω
∗
4 + 2ω3ω
∗
5 + 4κ3ν
∗
4 + κ3ν
∗
5 + 2κ
∗
2ν4 + (3κ
∗
1 + 2κ
∗
2) ν5
+ ω4 (2ω2 − µ1 + 2µ4 + 4µ5 + µ6)
+ ω5 (3ω1 + 2ω2 + 6µ1 + 2µ2 + 3µ3 + 2µ4 + µ5 + µ6) ,
16pi2βκ1 = κ1 (2λ3 + 4λ4 + 2ν1 + 2ω1 + 4µ1 + 4µ2 + 17µ3 + 10µ4 + 3µ5 + 5µ6)
+ κ2
(
2λ4 + ν2 + ω2 +
8
3
µ1 +
8
3
µ2 + 8µ3 + 2µ4 + 2µ5 +
8
3
µ6
)
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+ 6κ∗1λ5 + 2κ
∗
2λ5 + κ
∗
3ν3 + κ3ω3 −
2
3
ν4ω
∗
4 +
7
3
ν4ω
∗
5 +
7
3
ν5ω
∗
4 −
2
3
ν5ω
∗
5,
16pi2βκ2 = κ1 (2ν2 + 2ω2) + 2κ
∗
2λ5 + 4κ
∗
3ν3 + 4κ3ω3
+ κ2
(
2λ3 + 2ν1 + 2ν2 + 2ω1 + 2ω2 +
8
3
µ1 +
8
3
µ2 + µ3 + 8µ4 + µ5 − 1
3
µ6
)
+
17
3
ν4ω
∗
4 +
4
3
ν4ω
∗
5 +
4
3
ν5ω
∗
4 +
17
3
ν5ω
∗
5,
16pi2βκ3 = κ3
(
2λ3 + 2λ4 + 2ν1 + 3ν2 + 2ω1 + 3ω2 − 1
3
µ1 − 1
3
µ2 + µ3 + µ4 + 8µ5 +
8
3
µ6
)
+ ν3 (4κ
∗
1 + 6κ
∗
2) + ω3 (4κ1 + 6κ2) +
17
6
ν4ω4 +
4
6
ν4ω5 +
4
6
ν5ω4 +
17
6
ν5ω5,
16pi2βµ1 = 3ν4ν
∗
5 + 3ω4ω
∗
5 + 7µ
2
1 + µ1 (6µ2 + 6µ3 + 4µ4 − µ5 − 2µ6) + µ2 (4µ4 − µ5)
− 2µ4µ6 + 2µ5µ6 + µ26,
16pi2βµ2 = 3ν
∗
4ν5 + 3ω
∗
4ω5 + 7µ
2
2 + µ1 (6µ2 + 4µ4 − µ5) + µ2 (6µ3 + 4µ4 − µ5 − 2µ6)
− 2µ4µ6 + 2µ5µ6 + µ26,
16pi2βµ3 = 2ν
2
1 + 2ν1ν2 + 2ω
2
1 + 2ω1ω2 + 4 |κ1|2 + 2κ1κ∗2 + 2κ∗1κ2
− 1
3
(|ν4|2 + 4ν4ν∗5 + 4ν∗4ν5 + |ν5|2)− 13 (|ω4|2 + 4ω4ω∗5 + 4ω∗4ω5 + |ω5|2)
+
31
9
µ21 + µ1
(
32
9
µ2 + 16µ3 +
16
3
µ4 + µ5 +
29
9
µ6
)
+
31
9
µ22 + µ2
(
16µ3 +
16
3
µ4 + µ5 +
29
9
µ6
)
+ 20µ23 + µ3 (20µ4 + 6µ5 + 10µ6) + 3µ
2
4 + µ4
(
2µ5 +
22
3
µ6
)
+ µ25 + µ5µ6 +
29
18
µ26,
16pi2βµ4 = ν
2
2 + ω
2
2 + 2 |κ2|2 +
1
3
(
2 |ν4|2 − ν4ν∗5 − ν∗4ν5 + 2 |ν5|2
)
+
1
3
(
2 |ω4|2 − ω4ω∗5 − ω∗4ω5 + 2 |ω5|2
)
+
1
9
µ21 + µ1
(
26
9
µ2 +
16
3
µ4 + µ5 − 4
9
µ6
)
+
1
9
µ22 + µ2
(
16
3
µ4 + µ5 − 4
9
µ6
)
+ 6µ3µ4 + 10µ
2
4 + µ4
(
2µ5 +
4
3
µ6
)
+ 4µ25 + µ5µ6 −
2
9
µ26,
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16pi2βµ5 = 4ν
2
3 + 4ω
2
3 + 2 |κ3|2 +
1
3
(
2 |ν4|2 − ν4ν∗5 − ν∗4ν5 + 2 |ν5|2
)
+
1
3
(
2 |ω4|2 − ω4ω∗5 − ω∗4ω5 + 2 |ω5|2
)
+
1
9
µ21 + µ1
(
−10
9
µ2 +
1
3
µ5 − 4
9
µ6
)
+
1
9
µ22 + µ2
(
1
3
µ5 − 4
9
µ6
)
+ 6µ3µ5 + µ4 (8µ5 + 2µ6) + 8µ
2
5 +
19
3
µ5µ6 +
7
9
µ26,
16pi2βµ6 = 3ν4ν
∗
5 + 3ν
∗
4ν5 + 3ω4ω
∗
5 + 3ω
∗
4ω5 − 2µ21 + µ1 (6µ5 + 7µ6)
− 2µ22 + µ2 (6µ5 + 7µ6) + 6µ3µ6 +
1
2
µ26.
4.3 Numerical study on the renormalization group
equations
We now turn to investigate the consequences of requiring the model to be valid
up to some high energy scale. For our numerical analysis we restrict ourselves to the
case with custodial symmetry and no CP violation, which reduces the beta functions
to the following. We also include contributions from gauge bosons and t quark in
the beta functions of λ’s, since we would like to see how the vacuum stability of
2HDM is affected by the color octet. The most complete analysis should also include
contributions from gauge bosons and fermions in the beta function of ν’s, ω’s, κ’s, µ’s.
However, our major concern is the behavior at high energy scale and contributions
of scalar couplings will be dominant. Thus, those contributions are ignored in our
study.
16pi2βλ1 = 12λ
2
1 + 4λ
2
3 + 4λ3λ4 + 4λ
2
4 + 8ν
2
1 + 8ν1ν2 + 8ν
2
2
− 12λ4t − 3λ1
(
3g2 − 4λ2t + g′2
)
+
3
4
(
3g4 + 2g2g′2 + g′4
)
,
16pi2βλ2 = 12λ
2
2 + 4λ
2
3 + 4λ3λ4 + 4λ
2
4 + 8ω
2
1 + 8ω1ν2 + 4ω
2
2 + 16ω
2
3,
− 3λ2
(
3g2 + g′2
)
+
3
4
(
3g4 + 2g2g′2 + g′4
)
,
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16pi2βλ3 = 4λ
2
3 + 4λ
2
4 + 2 (λ1 + λ2) (3λ3 + λ4) + 8ν1ω1 + 4ν1ω2 + 4ν2ω1 + 8κ
2
2,
− 3λ3
(
3g2 − 2λ2t + g′2
)
+
3
4
(
3g4 − 2g2g′2 + g′4) ,
16pi2βλ4 = 12λ
2
4 + 8λ3λ4 + 2 (λ1 + λ2)λ4 + 4ν2ω2 + 8 |κ1|2 + 8κ1κ2 + 4κ22,
− 3λ4
(
3g2 − 2λ2t + g′2
)
+
3
2
g2g′2,
16pi2βν1 = 6λ1ν1 + 2λ1ν2 + 4λ3ω1 + 2λ3ω2 + 2λ4ω1 + 2ν
2
1 + 2ν
2
2 + 2κ
2
1 + 2κ
2
2
+ ν1 (26µ1 + 17µ3 + 13µ4) + ν2
(
32
3
µ1 + 8µ3 + 2µ4
)
+
10
3
ν24 ,
16pi2βν2 = 2λ1ν2 + 2λ4ω2 + 4ν1ν2 + 6ν
2
2 + 4κ1κ2 + 6κ
2
2
+ ν2
(
14
3
µ1 + µ3 + 9µ4
)
+
25
3
ν24 ,
16pi2βν4 = (3κ1 + 9κ2)ω4 + ν4 (3ν1 + 9ν2 + 11µ1 + 3µ3 + 9µ4) ,
16pi2βω1 = 6λ2ω1 + 2λ2ω2 + 4λ3ν1 + 2λ3ν2 + 2λ4ν1 + 2ω
2
1 + 2ω
2
2 + 2κ
2
1 + 2κ
2
2
+ ω1 (26µ1 + 17µ3 + 13µ4) + ω2
(
32
3
µ1 + 8µ3 + 2µ4
)
+
10
3
ω24,
16pi2βω2 = 2λ2ω2 + 2λ4ν2 + 4ω1ω2 + 6ω
2
2 + 4κ1κ2 + 6κ
2
2
+ ω2
(
14
3
µ1 + µ3 + 9µ4
)
+
25
3
ω24,
16pi2βω4 = (3κ1 + 9κ2) ν4 + ω4 (3ω1 + 9ω2 + 11µ1 + 3µ3 + 9µ4) ,
16pi2βκ1 = κ1 (2λ3 + 10λ4 + 2ν1 + 2ω1 + 18µ1 + 17µ3 + 13µ4)
+ κ2
(
4λ4 +
3
2
ν2 +
3
2
ω2 +
32
3
µ1 + 8µ3 + 4µ4
)
+
10
3
ν4ω4,
16pi2βκ2 = κ1 (2ν2 + 2ω2) + 14ν4ω4
+ κ2
(
2λ3 + 2λ4 + 2ν1 + 4ν2 + 2ω1 + 4ω2 +
14
3
µ1 + µ3 + 9µ4
)
,
16pi2βµ1 = 3ν
2
4 + 3ω
2
4 + 13µ
2
1 + 6µ1 (µ3 + µ4) ,
16pi2βµ3 = 2ν
2
1 + 2ν1ν2 + 2ω
2
1 + 2ω1ω2 + 4κ
2
1 + 4κ1κ2 −
10
3
(
ν24 + ω
2
4
)
+
268
9
µ21 + µ1
(
52µ3 +
88
3
µ4
)
+ 20µ23 + 26µ3µ4 + 6µ
2
4,
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16pi2βµ4 = ν
2
2 + ω
2
2 + 2κ
2
2 +
2
3
(
ν24 + ω
2
4
)
+
4
9
µ21 +
52
3
µ1µ4 + 6µ3µ4 + 16µ
2
4,
16pi2βgs = −6g3s ,
16pi2βg = −5
3
g3,
16pi2βg′ =
25
3
g′3,
16pi2βλt = λt
(
−9
4
g2 − 8g2s +
13
2
λ2t −
17
12
g′2
)
.
In these equations g = g2, g
′ = g1 and gs = g3 are the SU(2)L, U(1)Y and SU(3)
gauge couplings, λt ≡
√
2mt/v is the top-quark Yukawa coupling and we use the
standard definition β = d
d ln(Λ/Λ0)
. These equations have been checked against the
known limits: the 2HDM [6]; the MW model [36].
When we include the effect of the coupling g′ in the RGE we end up with high
scale couplings that no longer satisfy custodial symmetry. The deviations from the
symmetry limit are small as expected, proportional to g′, and we ignore them in our
numerical analysis.
4.3.1 The running of the scalar couplings
As we run the couplings between the electroweak and high scales we find three
possible behaviors: well behaved couplings at all scales; one or more of the couplings
develop a Landau Pole (LP); or even though there are no LP’s for the scales consid-
ered, perturbative unitarity or stability are violated at some scale in the range. We
illustrate these three possibilities below.
Figure 4.3 illustrates the case of well behaved couplings up to the Planck scale
ΛPlanck. Figure 4.4 shows how it is possible to develop multiple LP at relatively low
energy scales even when the couplings are small and perturbative at the electroweak
scale. Finally, Figure 4.5 illustrates a case where there are no LP below the Planck
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scale, but vacuum stability is broken at some point below ΛPlanck as λ1 turns to
negative during the run. In this case, the violation is due to the presence of a LP just
beyond ΛPlanck.
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Figure 4.3: Running couplings for a case that satisfies unitarity and stability con-
ditions at all scales below ΛPlanck.
4.3.2 Constraining the allowed region of parameter space
For this purpose we use Mathematica to solve the RGE numerically with initial
conditions at the electroweak scale. The initial conditions used for the new couplings
are points that satisfy perturbative unitarity and stability determined as in previous
chapters. For each point we evolve all the couplings up to a high scale Λ and discard
the point if a LP is detected, or if the couplings at any scale below Λ violate the per-
turbative unitarity or stability conditions. This results in acceptable points satisfying
a more stringent condition than the absence of LP, in the spirit of renormalization
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Figure 4.4: Running couplings for a case where a LP is encountered below ΛPlanck.
group improved unitarity bounds of [65]. The use of this condition in our numerical
search makes it easier to find acceptable points than if we were to allow a LP at Λ.
The parameter space is too large for a completely random scan to be efficient.
Instead, we follow the approach described below.
1. We begin our study at an intermediate energy scale Λm for the sake of com-
putational efficiency. It is chosen to be ln(Λm/10
3 GeV) = 10 by trial and
error.
2. Before running the RGE for the whole model, we generate a large sample of
points within the 2HDM subspace. The sample is generated in such a way that
a large portion of it is valid up to Λm.
3. We then use this 2HDM data set as seeds, randomly assigning values to the new
couplings within a proper range, to generate a sample for the whole parameter
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Figure 4.5: Running couplings for a case where no LP is encountered below ΛPlanck,
but the unitarity and stability conditions are not satisfied for all scales Λ < ΛPlanck.
space. From this sample we find a few hundred valid points and determine
the hypercube which contains most of the solutions, a region somewhat smaller
than that allowed by perturbative unitarity at the electroweak scale.
4. Starting from these few hundred points we study nearby points to expand the
allowed region.
5. We finally construct the region of parameter space where the full model is valid
up to the scale Λm by repeating step 4 recursively for a sufficiently long time.
6. Points that are valid up to scales higher than Λm, are generally inside a sub-
region of the allowed region up to scale Λm. Therefore, to find the constraints
for a higher scale, we select the seed points from step 5 and repeat step 4 to
construct the new allowed region.
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Our results are illustrated in Figure 4.6 for the scales Λm and ΛGUT in represen-
tative two-dimensional projections. The GUT scale is chosen because of the existing
SU(5) [45] or SO(10) [44] models which can have TeV scale scalar color octets, but
the figures illustrate the general trend as we require the model to be valid up to
higher energy scales. In general, for the new parameters involving the color-octet
scalars, the allowed parameter space is now very significantly reduced with respect
to that allowed by tree-level unitarity. In addition, this procedure produces the first
constraints on parameters like ν4 and ω4 which do not affect two to two processes at
tree-level.
Validity up to the GUT scale thus results in approximate one at a time constraints
0 ≤ λ1,2 . 0.5, −0.4 . λ3 . 0.7,
−0.4 ≤ λ4 . 0.4, |ω1,2| . 1.6,
|ν1,2| . 1.6, |κ1,2| . 1.4,
|ν4| . 2, |ω4| . 2,
|µ1,3| . 3.3, |µ4| . 4.2. (4.31)
For the parameters of the 2HDM the points that produce a model valid to high
energy scales are those for which cos(β − α) is closer to zero, as in the alignment
limit; and those for which MH is very close to MH± as shown in Figure 4.7.
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Figure 4.6: Representative two-dimensional projections of the allowed parameter
space for which the model is valid up to the intermediate scale Λm (red) and ΛGUT
(blue). The black points are the seed points used as initial values at the electroweak
scale that satisfy both perturbative unitarity and stability.
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Figure 4.7: Points for which the 2HDM model satisfies both perturbative unitarity
and stability at the electroweak scale (black) compared to those for which it is also
valid up to the scale Λm (red) and ΛGUT (blue).
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CHAPTER 5 CONCLUSION AND OUTLOOK
5.1 Conclusion
We have so far constructed a model that extends 2HDM by adding a color-octet
scalar. Therefore, the scalar sector of the new model consists of two regular Higgs
doublets which are color singlets and one color-octet which is also an electroweak
doublet. We have naturally included three parts in the scalar potential. The first
part is just the potential of 2HDM, describing the self-interactions of the two Higgs
doublets. The second part of the potential is the self-interactions of the colored
scalar. The third part includes the interactions between the color-octet and two
Higgs doublets.
Keeping in mind the experimental fact that FCNC is strongly suppressed, we have
applied the principle of MFV to our model to maintain minimum FCNC induced by
interactions between scalars and fermions. As shown in (2.9), the couplings of scalars
to fermions are strongly constrained with MFV applied, since coupling matrices of
fermions with a given charge to different scalars have to be proportional to each other.
To be consistent with the experimental results in electroweak precision measure-
ments, we have imposed custodial symmetry on our model. The studies in the lit-
erature provide two methods and we only insist on one of them, since the other one
results in too strong a constraint which makes the model uninteresting. Imposing
custodial symmetry also reduces the number of free parameters in our model.
As energy increases, tree-level amplitudes of two-to-two scatterings of scalars tends
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towards certain limits and these limits must be bounded in order for perturbation
theory to continue working. We have calculated all the amplitudes of neutral and
color-singlet scatterings, and have applied unitarity bounds to estimate the ranges
of parameters as shown in (2.20) and (2.21). More precised studies of unitarity con-
straints have been fulfilled by numerically scanning the whole parameter space. The
results are presented in the form of two dimensional projections in Figure 3.5, Fig-
ure 3.6 and Figure 3.9. The scattering matrix elements imply that correlations exist
between certain pairs of the couplings, which can be observed from these projections.
We have confronted the model with the existing fit to LHC results in terms of
branching ratios of the Higgs boson decaying to two photons and two gluons. In our
model, we identify that Higgs boson as the lighter CP-even Higgs in the 2HDM. We
have constrained the scalar self-couplings by using the fit. We observe from Figure 3.6
that adding the color-octet scalar can affect h→ γγ and h→ gg decays by enlarging
the allowed region of parameter space in the tan β-cos(β − α) plane. However, the
overlap zone with tree-level unitarity constraints is not notably expanded. The main
reason is that introducing a new color-octet scalar does not enhance the allowed region
by unitarity when projected to the 2HDM parameter space. Adding the color-octet
scalar also enlarges the overlap region with the 1σ and 2σ bounds of h → γγ and
h→ gg. The branching ratio of h→ gg tends to increase more significantly than that
of h→ γγ, as can be seen in Figure 3.11. We have also predicted in Figure 3.13 that
the existence of the color-octet scalar allows wider ranges for heavier neutral CP-even
Higgs to decay into γγ and gg in both Type-I and Type-II 2HDM senarios.
At last, we have derived the renormalization group equations for all the scalar
self-couplings. To study the evolution of the couplings as the energy scale increases
to a very high value, we mainly consider the one-loop contributions from the scalar
couplings themselves. The equations are solved numerically and evolved initially from
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the electroweak scale. The acceptable points are those satisfying both unitarity and
stability constaints without developing a Landau-pole. As predicted in Figure 4.6,
the valid region becomes smaller and smaller as the final energy scale gets higher and
higher. It also produces the first constraints on parameters ν4 and ω4, although they
are not affected by the tree-level unitarity of two-to-two scatterings. When viewing
the 2HDM subspace, the allowed region tends to contract toward the alignment limit,
i.e., β−α→ pi
2
, and masses of charged Higgs and heavier neutral CP-even Higgs tend
to be degenerate.
5.2 Future work
We have shown in this thesis that our model has a considerable range in parameter
space to account for stable vacuum. However, the stability condition given by (1.25) is
within the scope of 2HDM. This is certainly not a problem since the color-octet scalar
is not responsible for symmetry breaking. When extending the stability to additional
scalars, (1.25) is merely a necessary but not a sufficient condition of stability. The
stability condition of a two-scalar theory can be always solved analytically. For ex-
ample, even for the most general 2HDM potential, it is ultimately a matter of solving
polynomial equations of power four, which is known to have an analytical solution.
In a theory with more than three scalars, the problem becomes very complicated and
challenging. In our model, the color-octet scalar can be viewed as eight doublets. A
recent paper presents a general approach to this problem for a theory with multiple
scalars [66]. It will be interesting to investigate how the parameter space is shaped
when extending the stability to the whole potential.
Recent studies in [67, 68] have developed a general way to apply higher order
unitarity constaints to quartic scalar couplings. Since our model has a rich structure
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of scalar self-interactions, it is possible that the higher order corrections may enlarge
the parameter space to some degree. Therefore, it will be meaningful to take on a
more complete study on the unitarity constaints with the higher order method.
When studying the running couplings in this work, we have ignored the correc-
tions from the interactions between the color-octet scalar and guage bosons and the
interactions between the color-octet scalar and fermions. These corrections can have
interesting effects on the evolution of scalar couplings when energy scale is not very
high. These effects may drastically reshape the vacuum stability. It is worthwhile for
future study to continue in this line.
Last but not the least, there still remains a large unexplored area in the aspect
of phenomena on colliders. For example, with the color-octet scalar, the production
and decay of many particles at the LHC are considerably modified compared to the
Standard Model and 2HDM. The future study can expand on this to shed light
on interesting problems, such as explaining observations of discrepancies with the
Standard Model and predicting observable signals of new physics at existing colliders.
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APPENDIX A NOTATION CONVENTIONS
The metric tensor of Minkowski-spacetime
For the metric tensor of Minkowski-spacetime, we take the following convention,
gµν =

−1
1
1
1

, (A.1)
where µ, ν ∈ 0, 1, 2, 3.
Dirac matrices
The Dirac matrices γµ are 4-by-4 Hermitian matrices that follow the convention
{γµ, γν} = 2gµνI. (A.2)
The matrix γ5 is defined by
γ5 = −iγ0γ1γ2γ3. (A.3)
The left-handed and right-handed projectors are defined via γ5,
PL =
1 + γ5
2
, PR =
1− γ5
2
. (A.4)
The slashed notation of a four-vector xµ is abbreviation for
/x = xµγ
µ. (A.5)
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Pauli matrices and Gell-Mann matrices
Pauli matrices are associated with the generators of su(2), the Lie algebra of
SU(2), which are given by
σ1 =
0 1
1 0
 , σ2 =
0 −i
i 0
 , σ3 =
1 0
0 −1
 . (A.6)
Gell-Mann matrices are associated with the generators of su(3), the Lie algebra
of SU(3), which are given by
λ1 =

0 1 0
1 0 0
0 0 0
 , λ2 =

0 −i 0
i 0 0
0 0 0
 , λ3 =

1 0 0
0 −1 0
0 0 0
 ,
λ4 =

0 0 1
0 0 0
1 0 0
 , λ5 =

0 0 −i
0 0 0
i 0 0
 , λ6 =

0 0 0
0 0 1
0 1 0
 ,
λ7 =

0 0 0
0 0 −i
0 i 0
 , λ8 = 1√3

1 0 0
0 1 0
0 0 −2
 . (A.7)
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APPENDIX B SCALAR SELF-INTERATIONS
The self-interactions h, H, H± and S that are used to derive the decay amplitudes
are listed below.
LhH−H+ = −v
[−λ1 sinα sin2 β cos β + λ2 cosα sin β cos2 β + λ3 (cosα sin3 β − sinα cos3 β)
− (λ4 + λ5) cos (α + β) sin β cos β]hH−H+, (B.1)
LHH−H+ = −v
[
λ1 cosα sin
2 β cos β + λ2 sinα sin β cos
2 β + λ3
(
sinα sin3 β + cosα cos3 β
)
− (λ4 + λ5) sin (α + β) sin β cos β]HH−H+, (B.2)
LhS−S+ = v [−ν1 sinα cos β + ω1 cosα sin β + κ1 cos(α + β)]hTrS−S+, (B.3)
LHS−S+ = v [ν1 cosα cos β + ω1 sinα sin β + κ1 sin(α + β)]HTrS−S+, (B.4)
LhS0S0 = v [− (ν1 + ν2) sinα cos β + (ω1 + ω2) cosα sin β + (κ1 + κ2) cos(α + β)]hTrS0∗S0
+
v
2
{
[−ν3 sinα cos β + ω3 cosα sin β + κ3 cos(α + β)]hTrS0S0 + h.c.
}
,
(B.5)
LHS0S0 = v [(ν1 + ν2) cosα cos β + (ω1 + ω2) sinα sin β + (κ1 + κ2) sin(α + β)]HTrS0∗S0
+
v
2
{
[ν3 cosα cos β + ω3 sinα sin β + κ3 sin(α + β)]HTrS
0S0 + h.c.
}
.
(B.6)
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APPENDIX C FEYNMAN DIAGRAMS
The feynman diagrams which are related to the derivation of RGE’s are collected
here.
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Figure C.1: Feynman diagrams of scalar vertices in 2HDM.
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Figure C.2: Feynman diagrams of scalar vertices with the color octet S.
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One-loop DiagramsLoop diagrams
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(a) λ1, SD =
{
1, D = 1, 3,
2, D = 2.
Loop diagrams
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(b) λ3, λ4, SD =
{
1, D = 1, 3,
2, D = 2.
New loop diagrams for 2HDM couplings
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Figure C.3: The one-loop diagrams induced by S for 2HDM couplings and their
symmetry factors.
94Loop diagrams for new couplings
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Figure C.4: The one-loop diagrams for ν1, ν2 and their symmetry factors.
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2. SΦ∗1 → SΦ∗1 for ν3
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Figure C.5: The one-loop diagrams for ν3 and their symmetry factors.
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3. SΦ∗1 → SS∗ for ν4, ν5
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Figure C.6: The one-loop diagrams for ν4, ν5 and their symmetry factors.
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Figure C.7: The one-loop diagrams for κ1, κ2 and their symmetry factors.
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5. SΦ∗1 → SΦ∗2 for κ3
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Figure C.8: The one-loop diagrams for κ3 and their symmetry factors.
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5. SS∗ → SS∗ for µ’s
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Figure C.9: The one-loop diagrams for µ’s and their symmetry factors.
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Figure C.9: (Continued)
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